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FOREWORD 
The presant  r epor t  i s  one of a s e r i e s  of th ree  repor t s  
which descr ibe  analyses and computational procedures developed 
f o r  descr ib ing  the  behavior of high speed- turbulent  boundary 
layers  under condit ions involving both h e a t  t r a n s f e r  and 
a r b i t r a r y  pressure  gradient .  Par t  1 , se rves  a s  a summary repor t  
and descr ibes  t h e  analys is  which i s  u t i l i z e d  i n  t h e  numerical 
ca lcu la t ion  scheme. I n  Par t  11, t h e  fundamental proper t ies  of 
of the  compressibi l i ty  transformation used i n  the  ana lys i s  
a re  examined i n  d e t a i l .  Pa r t  111, descr ibes  t h e  numerical and 
computational procedures involved and serves a s  a computer 
program manual. 
The t i t l e s  i n  the  s e r i e s  are :  
Par t  I Summary Report - "An Inves t iga t ion  of t h e  High 
Speed Turbulent Boundary Layer with Heat Transfer 
and Arbi t rary  Pressure Gradient ,"  by C. Economos 
and J. Boccio. 
Part  I I- "The Compressibility Transformat ion - General 
Considerations," by C .  Economos. 
Pa r t  111- "Computer Program Manual;' b y  J. Schneider and 
J, Boccio. 
This inves t iga t ion  was conducted for  t h e  Langley 
Research Center, National ~ e r o n a u t i c s  and Space Administration 
under Contract No. NASl-8424 with M r ,  ~ a z i m i e r z  R. Cearnecki 
a s  t h e  NASA Technical Monitor. 
The con t rac to r s '  r epor t  number i s  GASL TR-719, 

This r e p o r t  describes t h e  analys is  developed for  inves t i -  
gat ing the behavior of high-speed turbnlent  bonndary layers  
under condit ions involving both hea t  t r a n s f e r  and a r b i t r a r y  
streamwise pressure gradient .  The approach u t i l i z e s  a  
compressibi l i ty  transformation i n  conjunction with an i n t e g r a l  
technique t o  describe t h e  fluid-dynamic behavior. The 
corresponding thermodynamic behavior i s  described by impl ic i t -  
f in i t e -d i f fe rence  solu t ion  of t h e  energy conservation equation 
wr i t t en  i n  terms of t o t a l  enthalpy. 
Within t h i s  framework t h e  turbulent  Prandtl  number i s  
included a s  a  parameter and provision fo r  i t s  s p a t i a l  va r i a t ion  
by means of  a  spec ia l  subroutine package, which allows the  
incorporation of a  v a r i e t y  of a r b i t r a r i l y  se lec ted  models. 
Other opt ions include the  use of  e i t h e r  equilibrium a i r  
chemistry o r  t h e  pe r fec t  gas assumption, 
One fea tu re  of the  analys is  involves the  use of c e r t a i n  
c o r r e l a t i v e  procedures developed i n  Pa r t  I1 of t h i s  report .  
In t h i s  l a t t e r  document t h e  p roper t i e s  of the  transformation 
theory were reexamined froma fundamental l e v e l  with the  aim 
of  overcoming some of i t s  shortcomings and enlarging i t s  
a p p l i c a b i l i t y  t o  include the more gener a 1  problem t rea ted  here in .  
The d e t a i l s  of the  numerical and computational procedures 
u t i l i z e d  t o  implement the  ana lys i s  a r e  presented i n  Par t  I11 
of t h i s  repor t ,  A v a r i e t y  of numerical r e s u l t s  a r e  presented 
in  t h i s  document. These include comparisons with o the r  p r e d i c t i v e  
methods and with experimental da ta .  Additional r e s u l t s  showing 
eddy v i s c o s i t y ,  shear s t r e s s  and mixing length d i s t r i b u t i o n  
in  high-speed flows a r e  a l s o  presented. 
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LAYER WITH T 
By C, Eeononnss and J. Bsccio 
Genera l  PPppLied Science ~ a b a r a t o r i e k  , Pnc , 
I. INTRODUCTION 
The overa l l  objec t ive  of the  inves t iga t ion  described 
i n  t h i s  repor t  was the  development, within t h e  framework 
of a compressibi l i ty  transformation, a com~ute r  program 
capable of describing t h e  behavior of high-speed turbulent  
boundary l aye r s  under condit ions involving both h e a t  t r a n s f e r  
and a r b i t r a r y  streamwise pressure gradient .  The d e s i r a b i l i t y  
of such an approach r e s t s  on the  f a c t  t h a t  no empirical  assumptions 
regarding the  mechanism d f turbulent  momentum t ranspor t  need t o  
be introduced insofar  a s  the  va r i ab le  property (VP) flow f i e l d  
i s  concerned. Instead,  it s u f f i c e s  t o  specify t h i s  behavior 
in  the  transformed constant-property (CP) plane where a r e l i a b l e  
descr ip t ion  i s  cu r ren t ly  ava i l ab le ,  a t  l e a s t  from a phenomeno- 
l o g i c a l  po in t  of view. 
me idea of r e l a t i n g  a VP boundary layer  t o  a CP counterpart  
is no t  new. In  t h e  case where the  product of v i s c o s i t y  and 
dens i ty  i s  constant and t h e  pressure  gradient  zero or  of some 
spec ia l  form, t h e  transformations of References 1 through 4 
r e l a t e  laminar two-dimensional compressible boundary layers  t o  
corresponding incompressible ones. Inves t iga t ions  have a l s o  
been conducted t o  extend the  concept of such transformations t o  
turbulent  flows. Some of the  inves t iga to r s  were Laufer, Reference 
5, Mager, Reference 6;  Culick and H i l l ,  Reference 7 ,  Burggraf, 
Reference 8 ,  Coles, Reference 9 ,  and Crocco, Reference 10. Apart 
from t h e  .concept s f  a transformation, the  hypotheses of an 
e f f e c t i v e  temperature, a laminar fi lm and a constant  sublayer 
Reynolds number have been used t o  represent  the  compressible 
turbulent  boundary layer  by an incompressible counterpart .  The 
reader i s  refer red  t o  Coles f o r  an excel lent  review. 
The e s s e n t i a l  d i f ference  i n  treatment of laminar and 
turbulent  boundary layers  i s  t h a t  laminar-boundary- layer theory 
r e s t s  on firm physical  grounds, whereas i t s  turbulent  counterpart  
inevi tably  contains a c e r t a i n  element of a r b i t r a r i n e s s  due t o  
incomplete understanding of the turbulent  shear -process, Never- 
the less .  for  the  C P  case,  a qu i t e  accurate semi-empirical 
f o r m e ?  l a t i  on has been developed due ma in ly  to the existence s f  a 
substantial body of l o w  speed experimental data, Unfor tuna te ly ,  
similar data f o r  VP flows i s  v i r t u a l l y  non-ex is ten t  so t h a t  
extrapolat ion of CP concepts fo r  use i n  high speed flows, i s  
a t  bes t ,  a q e s t i s n a b l e  procedure, 
The successful  applicat ion of a transformation technique 
requi res ,  of course, the  u t i l i z a t i o n  of  an adequate CP 
formulation. This aspect w i l l  be discussed i n  some d e t a i l  i n  
a subsequent sec t ion .  However, the  p a r t i c u l a r  choice of com- 
p r e s s i b i l i t y  transfarmation i s  of paramount importance and i t s  
se lec t ion  demands ca re fu l  scru t iny  of t h e  various approaches which 
have been proposed, 
The e s s e n t i a l  f ea tu re  of t h e  e a r l i e s t  approach (e.g., 
Mager and Burggraf) was the  assumption t h a t  both the  Reynolds' 
s t r e s s  and t h e  stream function were invar ian t  under the  t rans-  
formation. It was Coles who l a t e r  suggested t h a t  these  
assumptions were ne i ther  warranted nor appropriate.  Indeed, by 
eliminating these a r b i t r a r y  r e s t r a i n t s ,  he was able  t o  develop 
a more r e a l i s t i c  correspondence i n  the sense t h a t  t h e  thermo- 
dynamic s t a t e  of t h e  companion CP flow was e n t i r e l y  a r b i t r a r y ,  
Despite t h i s  s i g n i f i c a n t  advance, it was soon found t h a t  
the  Coles transformatj.on exhibited severa l  important weaknesses. 
Thus, fo r  example, it was shown i n  Reference 11 t h a t  the  d e t a i l e d  
mapping of ve loci ty  p r o f i l e s  obtained i n  high speed constant  
pressure flows was incorrec t ;  i . e . ,  t h e  CP "law of t h e  wake" o r  
"defect  law" was not  recovered. I n  addi t ion ,  the  values of  
skin f r i c t i o n  coef f i c i en t  infer red  from the  transformed p r o f i l e s  
were i n  considerable disagreement with t h e  experimental da ta .  
This l a t t e r  deficiency was apparently eliminated, a t  l e a s t  f o r  
flows with moderate h e a t  t r a n s f e r  , by replacing Coles " sub- 
s t ruc tu re"  hypothesis by the  so-called "sub-layer" hypothesis a s  
out l ined i n  Reference ll. 
Additional evidence of the o r i g i n a l  transformation i n a b i l i t y  
t o  properly transform 'the wake region of VP ve loc i ty  p r o f i l e s  was 
presented i n  Reference 1 2 .  Were, extension t o  the  case of mass 
t r ans fe r  a t  constant pressure was developed by modifying t h e  
Coles s t r e t ch ing  fo r  the stream function. Analysis of a s e r i e s  
of ve loci ty  p r o f i l e s  obtained with helium in jec t ion  indicated t h a t  
the wake port ion of the  p r o f i l e s  was systematical ly d i s t o r t e d  with 
increasing helium wall concentration. Ultimately, it was shown 
tha t  t h i s  d i s t o r t i o n  could be corre la ted  by means of a dens i ty  
ratio across  the  boundary Payer, more de ta i l ed  d i s cus s ion  of 
this aspect may be fourad ~ n a  Reterence 1.3 w h i c h  c o n s t i t u t e s  P a r t  
11 of P.79;~ A rcamnv-f uy$"adL -. e 
O f  added s igni f icance  were the  f indings reported by 
Bertram, Reference 14, Here, it was shown t h a t  fo r  flows with 
high h e a t  t r a n s f e r  the  Baronti-Libby form of the  transformation 
( ~ e f e k e n c e  11) tended t o  o ~ e r e s t i i n a t e  the  sk in - f r i c t ion  co- 
e f f i c i e n t ,  I n  Reference 13 t h i s  anamolous behavior w a s  
examined i n  d e t a i l  and it  was found t h a t  t h i s  de fec t  could hz 
eliminated by u t i l i z i n g  a modified form of . t h e  transformation 
which assoc ia tes  a  high speed constant pressure flow with hea t  
t r a n s f e r  t o  a  CP counterpart  with mass t r a n s f e r ,  Bas ica l ly ,  the  
d i f fe rence  between t h i s  form of t h e  transformation and t h a t  
developed i n  Reference 11 is  due t o  t h e  use of d i f f e r i n g  
"closure" p r inc ip les  t o  complete t h e  formulation. Thus, i n  
Reference 11 it i s  assumed, a  p r i o r i ,  t h a t  zero mass t r a n s f e r  
and pressure g rad ien t  map t o  zero mass t r a n s f e r  and pressure 
gradient  whereas i n  Reference 13 only t h e  i d e n t i t y  mapping f o r  
zero pressure gradient  i s  imposed. Closure i s  then obtained by 
s a t i s f y i n g  t h e  f i r s t  compatabili ty condition on t h e  d i f f e r e n t i a l  
equation f o r  momeptum with the  mass t r a n s f e r  considered t o  be 
an a r b i t r a r y  parameter, I t  is  i n t e r e s t i n g  t o  note t h a t  t h e  
c losure  r u l e  u t i l i z e d  by Libby and Baronti ,  Reference 15, i s  t h e  
exact  opposi te  of the  aforementioned; i . e , ,  zero mass t r ans fe r  
i s  assqned t o  p r e v a i l  i n  both planes while t h e  pressure  gradients  
a r e  r e l a t e d  by means of the  f i r s t  compatabili ty condition, Lewis, 
Reference 16, f i r s t  examined the  p o s s i b i l i t y  of t r e a t i n g  flows 
with both mass t r a n s f e r  and pressure gradient  and u t i l i z e d  both 
t h e  f i r s t  and second compatabili ty r e l a t i o n s  t o  obta in  closure. 
However, h i s  development was somewhat r e s t r i c t i v e  and implied 
t h a t  t h e  condition pp = constant was a  necessary condition fo r  
appl ica t ion  of the  compressibi l i ty  transformation t o  t h i s  more 
general case. However, i n  Reference 13, it i s  shown t h a t  t h i s  
i s  not  a  necessary condition and a more general s e t  of 
compatabili ty conditions a r e  evolved which permit appl ica t ion  of 
t h i s  methodology t o  flows where t h e  thermodynamic behavior i s  
q u i t e  a r b i t r a r y ,  
The main po in t  of t h e  foregoing discussion i s  t o  emphasize 
t h a t ,  a t  t h e  present  time, the  concept of a  compressibi l i ty  t rans-  
formation i s  s t i l l  i n  a  developmental s tage.  Many questions 
remain t o  be  answered i n  t h i s  area and severa l  important anamolies 
s t i l l  need t o  be resolved. Nevertheless, the approach which was 
u t i l i z e d  i n  t h i s  study i s  believed t o  be the  b e s t  which can be 
formulated a t  t h i s  time, Spec i f i ca l ly ,  there  i s  u t i l i z e d  here in  
the  i n t e r p r e t a t i o n  s f  the compressibi l i ty  transformation proposed 
i n  Reference 15 since a CP forn~u%atisn with simultaneous pressure 
gradient and mass transfer is not currently ava i l ab l e .  
Accordingly, it is recognized, at the outset, that t h e  r e s u l t i n g  
a n a l y s i s  w i l l  no t  be s t r i c t l y  app l i cab le  f o r  the h igh  h e a t  krans- 
fer case ;  i . e . ,  W .? 0.4, The a n a l y s i s  a l s o  i n c o r w r a t e s  t h e  
empir ica l  c o r r e l a t i o n  developed i n  Reference 13 which e l imina t e s  
the  d i s t o r t i o n  o f  t h e  d e f e c t  region of t h e  v e l o c i t y  p r o f i l e s .  
Since t h i s  c o r r e l a t i o n  was developed by examination of zero  
p re s su re  g r a d i e n t  p r o f i l e s  it i s  n o t  known whether it i s  
s t r i c t l y  app l i cab le  t o  flows wi th  p re s su re  g rad ien t .  Nevertheless ,  
it was included h e r e i n  i n  o rde r  t h a t  t h e  genera l  a n a l y s i s ,  when 
appl ied  t o  zero  p re s su re  g rad ien t  f lows, y i e l d  the  improved 
r ep re sen ta t ion  which t h i s  c o r r e l a t i o n  provides .  
This  t ransformation was used i n  conjunct ion with  a  s u i t a b l e  
CP formulat ion and i n t e g r a l  techniques  t o  provide a  d e s c r i p t i o n  
of t he  f l u i d  mechanical behavior .  The thermodynamics is descr ibed  
by means of  a  f i n i t e - d i f f e r e n c e  s o l u t i o n  of t h e  conservat ion 
equat ion f o r  t o t a l  enthalpy. The d e t a i l s  of t h i s  development a r e  
given i n  t he  next  s ec t ion  while  t h e  r e s u l t i n g  computer program 
i s  descr ibed  i n  P a r t  111 of t h i s  r e p o r t .  F i n a l l y  numerical  
r e s u l t s  a r e  compared with  o t h e r  p r e d i c t i o n  techniques a s  we l l  
as  wi th  experimental  r e s u l t s .  
A constant;  taken here  t o  be 2 - 4 3  
A i j  elements of ordinary d i f f e r e n t i a l  equations, 
c a f e ,  Appendix A and Eg, ( 5 7  ) 
A:. Bn t r i -diagonalized elements of t h e  f i n i t e -  
- 
m' d i f ference  form of the  energy equations, 
a  b funct ions of variable-grid-system and i n i t i a l  
m' m s t e p  s i z e ,  c . f . ,  d e f i n i t i o n s  following Eq.  ( 6 2  ) .  
c  
m 
b constant ,  taken he re  t o  be  7 .5  
C f  sk in  f r i c t i o n  c o e f f i c i e n t  
'i column vector  r e l a t i n g  t o  right-hand-side of 
t h e  system of ordinary d i f f e r e n t i a l  equations, 
c . f . ,  Appendix A and E q .  67  ) 
F~ :oPumn vector  r e l a t i n g  t o  right-hand-side of 
m t h e  f in i t e -d i f fe rence  form of t h e  energy 
equation, c ,  f .  , Eq .  ( 62 ) 
f1'f2' funct ional  forms, c. f., ~ q .  ( 60 ) 
f3 
G coe f f i c i en t s  of power s e r i e s  r e l a t i n g  g = g ( @ ) ,  j c .  f , ,  Appendix B 
'i j funct ional  form, c. f . ,  Appendix B, E q ,  ( 'B5 ) 
72 funct ional  form, c. f ,  , Appendix B,  Eq .  ( B 6  ) i j 
,-" 
Gi j  funct ional  form, c ,  f .  , Appendix B,  Eq.  ( B7 ) 
- 
'i j funct ional  form, c, f , ,  appendix B ,  Eq. ( ~8 ) 
'3 t o t a l  enthalpy r a t i o ,  H/H, 
N form fac tor  t o t a l  enthalpy, f t2 / sec2  
B 
e He h e  
h 
2 
static entka lpy ,  ft / sec  2 
- 
I (7) i n t e g r a l  of ve loc i ty  d i s t r i b u t i o n ,  9. 
I2 (5) i n t e g r a l  of velocity distribution. Si cZd5 
0 
sl 
1 ( i n t e g r a l  of d e n s i t y  d i s t r i b u t i o n .  ( l / p - l ) d q  
o  
0 
K conduci t iv i ty ,  lb /sec R 
L r e f  erence length,  f  t . 
4, mixing length 
Me ex te rna l  Mach number 2 p ;  P p ressure ,  l b / f t  ; c o r r e l a t i o n  parameter 
e  
" e f f e c t i v e "  P rand t l  number, c. f . ,  Eq. ( 4 ) 
laminar Prandt l  number - 
P~ tu rbu len t  p r a n d t l  number 
Pt tu rbu len t  p rand t l  nwriber based upon s t a t i c  
temperature,  c , f , ,  Eq, ( 6 ) 
" 
func t iona l  forms, c . f . ,  Appendix A 
q3" " "q6 
a@ Reynolds number based on momentum th ickness  
%/I, u n i t  Remolds nuriber, l / f t .  
Reylolds number based on l o c a l  e x t e r n a l  cond i t i ons  
and normal cosrdina t e  
Reynolds n u d e r  based upon boundary l a y e r  h e i g h t ;  
cii ~ e , o ~ & )  
c o e f f i c i e n t s  of t h e  power series expansion 
r e l a t i n g  @i t o  q ,  c . f . ,  E q o  (66 
func t iona l  form, e .  f . ,  Eq. (68  ) 
rad ius  of body of r evo lu t ion ,  f t ,  
temperature,  . OR 
v e l o c i t i e s  r e s p e c t i v e l y  along and normal t o  
body, f t / s e c  
4i 
shear ing  v e l o c i t y ,  (Tw@) , f t / s e c  
space coordinates  respectively along and normal 
to body, f t /sec  
l o c a l  Reynolds nulriber based on shear velocity, 
(ETyf i9  
variable-grid-system parameter, e , f , ,  Fig, 4 
parameters i n  t h e  descr ip t ion  of the  incompressible 
eddy v i scos i ty ,  c , f , ,  Eq.  (42a) and (42b) 
F+ funct ional  form, (lfi') J (1IP)dT' 
s 0 
ad iaba t i c  exponent o r  intermit tapcy,  c. f . ,  Eq: ( 7 3 )  
boundary layer  he ight ,  f t .  
displacement thickness,  f t .  
2 kinematic eddy v i s c o s i t y ,  f t  /sec 
7pem 
( P / G  
momentum thickness,  f t  
P molecular v i scos i ty ,  l b  sec / f tL  
2 
v kinematic v i scos i ty ,  f t  /sec 
6 ,  g, a Coles sca l ing  parameters 
71 Coles wake parameter 
('1 corr  wake parameter obtained from cor re la t ion ,  E q . ( '  71) 2 4 
P densi ty,  l b  sec / f t  
C incompressible momentum thickness normalized 
with respect  t o  boucdary layer  height '  
5 we& 
shear  s t r e s s ,  l b / f t  2 7 
@I, Q2 funct ional  forms, c. f', , , Eq. ( 60 ) 
- 
CD  kin f r i c t i o n  parameter, 
- 
X o  W Reynolds numbers based upon an i n i t i a l  u n i t  - - 
ReyBolds number: (p,ue/p,) (x--xo) : (Ee&) (x-xo) 
@ stream function 
5 2 $/p, ft /lb-see 
T I  incompressible displacement thickness normalized 
with respect  t o  boundary layer  he ight  
Subscripts 
a  pe r t a ins  t o  axisymmetric problem 
e pe r t a ins  t o  condit ions external  t o  boundary layer  
F.P.  f l a t  p l a t e  
L pe r t a ins  t o  laminar flow 
T pe r t a ins  t o  turbulent  flow 
t per ta ins  t o  t o t a l  conditions 
s pe r t a ins  t o  laminar sublayer edge 
o i n i t i a l  s t a r t i n g  po in t  
w per ta ins  t o  wall  conditions 
I region from wall t o  edge of laminar sublayer 
I1 region from edge of laminar sublayer t o  edge of 
boundary layer  
2 -D used t o  d i f f e r e n t i a t e  between two-dimensional 
problems and axisymmetric problem 
( 'max maximum value within boundary layer  
( 'min minimum value within boundary layer  
a free-stream conditions 
Super s c r i p t s  
( " d/dX 
; "1 normalization with respect  t o  corresponding 
external  value unless  otherwise noted, i . e . ,  
G - U/U 
e  
(- 1 per ta ins  t o  proper t ies  i n  incompressible plane 
unless otherwise noted 
A.  Fundamental Describing Equations fo r  the  VP Flow 
The conservation equations describing the  mean proper t i e s  
of a two-dimensional turbulent  compressible boundary layer  
flow a r e  taken t o  be t h e  same a s  f o r  laminar flow with t h e  
molecular t r anspor t  c o e f f i c i e n t s  replaced by t h e i r  turbulent  
counterparts ,  ~t i s  f u r t h e r  assumed t h a t  t h e  r e q u i s i t e  t rans-  
p o r t  parameters can be re la ted  t o  each other .  That is, 
t h e  concept of an e f f e c t i v e  Prandtl  number is introduced t o  
r e l a t e  eddy conductivi ty t o  eddy v i s c o s i t y  . Accordingly, t h e  
conservation equations i n  coordinates normal and p a r a l l e l  t o  
the body a re  taken t o  be* 
Mass 
Momentum 
Energy 
* For s i m p l i c i t y ,  the  equations f o r  p lanar  flow a r e  s e t  down 
here. The required modifications for a x i s  e t r i c  flow a r e  
discussed i n  Appendix c - 
g 13/13 = s t agna t ion  enthalpy r a t i o  
e  
P € -= t u rbu len t  eddy v i s c o s i t y  
P molecular v i s c o s i t y  
The e f f e c t i v e  Prandt lhurnber ,  p  is def ined a s  
e  
where s u b s c r i p t s  L and T r e f e r  t o  laminar and t u r b u l e n t  
p r o p e r t i e s ,  r e spec t ive ly .  I t  should b e  noted t h a t  a s  
(pe + P )  - P : Pe -+ PL 
whi le  f o r  
To genera te  Equation (4)  it i s  t a c i t l y  assumed t h a t  t h e  con- 
d u c t i v i t y  % i s  t h e  sum o f  t h e  laminar and tu rbu len t  counter-  
p a r t s  and t h a t  
The t u r b u l e n t  P rand t l  number 
P~ 
a s  used i n  Equat ion (4)  
can b e ' r e f e r r e d  t o  a s  t h e  " t o t a l "  P rand t l  nuniber s i n c e  it 
is  a s soc i a t ed  with t o t a l  enthalpy g rad ien t s .  Recent ly ,  
Bushnell and ' ~ e c k w i t h ,  Ref. 17,  reviewed t h e  r e l a t i o n  between 
t h i s  P rand t l  number and t h a t  which is  a s soc i a t ed  with s t a t i c  
enthalpy g rad ien t s ;  namely, Pt. Neglecting t h i r d  o rde r  
c o r r e l a t i o n s ,  they concluded t h a t  t h e  r e l a t i o n  between pT 
and Pt is given by 
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where we have used (9)  wi th  7 = pau/ay. The remaining 
v a r i a b l e s ,  p ,  g, and/or t h e i r  d e r i v a t i v e s  can formal ly  b e  
considerzd t o  t a k e  on t h e i r  r e s p e c t i v e  w a l l  values .  I n  
p r a c t i c e ,  o f  course ,  t h e  l a t t e r  would b e  evaluated b y  
s p e c i f i c a t i o n  of  one of  s e v e r a l  h e a t  exchange conf igu ra t ions  
a t  t h e  su r f ace  (e.g., a d i a b a t i c  w a l l ,  s p e c i f i e d  wa l l  tempera- 
t u r e ,  e t c . )  t oge the r  wi th  appropr ia te  thermodynamic r e l a t i o n s .  
B. The Transformation Rela t ions  and Their  Immediate Impl ica t ions  
After  Coles, Ref. 9, t h e r e  a r e  now introduced t h r e e  
s c a l i n g  q u a n t i t i e s  which r e l a t e  t h e  s p a t i a l  coord ina tes  
and f l u i d  dynamic v a r i a b l e s  of  t h e  VP flow wi th  those  of 
a companion CP f low descr ibed  by 
- 
where p and F a r e  cons tan ts .  In  t h e  f u r t h e r  development 
t h e  s c a l i n g  parameters w i l l  b e  modified somewhat ' in order  t o  
i n s u r e ' t h a t  t h e  phys i ca l  p r o p e r t i e s  of  t h e  CP flow, , ji 
do n o t  appear e x p l i c i t l y  i n  t h e  ana lys i s .  S p e c i f i c a l l y ,  
t h e  two flows a r e  assumed r e l a t e d  according to* 
* A s  ind ica ted  i n  Sect ion I ,  c losure  o f  t h e  t ransformation i n  
t h e  p re sen t  formulation i s  obtained by mapping zero wal l  
mass t r a n s f e r  t o  zero w a l l  mass t r a n s f e r .  For a more genera l ized  
formulation it would be  necessary t o  r e p l a c e  Eq. (15) w i t h  a 
modified stream func t ion  s t r e t c h i n g  o f  t h e  form T-Fw=o(&-&) 
where &,aw r ep re sen t  the wal l  va lues  of stream func t ion .  This 
aspect is  discussed i n  more d e t a i l  i n  Reference 1 3 ,  
I n  terms of t hese  t ransformat ion  func t ions  t h e  p a r t i a l  
d e r i v a t i v e s  a r e  r e l a t e d  by 
Appl ica t ion  of  t h e s e  r u l e s  t o  t h e  d e f i n i t i o n  of t h e  stream 
func t ions ,  E q .  ( 7 )  and (14) '  y i e l d s  
Thus, an immediate imp l i ca t ion  o f  E q .  (19) i s  
so  t h a t  
- 
u/ue = u f i e  
Furthermore, a s  a  consequence of  E q .  (21) t h e  following 
correspondence between e x t e r n a l  cond i t i ons ,  i n i t i a l  condi t ions  
and t h e  mapping func t ion  i s  obtained:  
( I n  6) - 1 i) I -  ( l n  Oe) +!.d I n  (ue,/u,) /dxl ' = 0 ( 2 2  
where 
and where the  subsc r ip t  zero r e f e r s  t o  an i n i t i a l  streamwise 
s t a t i o n .  In  addit ion t o  the  correspondence between t h e  
two external  flows afforded by Eq.  ( 2 2 ) ,  two other  inferences 
may be developed by  applying t h e  transformation t o  t h e  two 
flows a s  y, 7 j:-, 0. Since Newtonian shear  i s  assumed t o  apply 
the re ,  then 
Thus, imposing t h e  mapping ru les  t o  Eq, (24) and defining 
a sk in  f r i c t i o n  coef f i c i en t  f o r  the  two flows i n  the  usual 
way y ie lds  
where 
A s imi la r  procedure applied t o  Equation (11) and the  
corresponding one fo r  the  CP flow y ie lds  
where from Eq, ( 2 1 )  and ( 2 3 )  the  i n i t i a l  values of 9 and o ,  
i e  and 0 a r e  rebated by 
0 G 
The g a a n t i t y  @ i s  a convenient parameter a p p e a r i w i n  t h e  CP 
formylation t o  which these correspondence laws a r e  coupled 
and which i s  t o  be  described subsequently. I t  i s  defined by 
where ET denotes t h e  shearing ve loc i ty ,  i .e . ,  
Equation (26) ,. which is in te rp re ted  as  r e l a t i n g  t h e  sca l ing  
parameters 0, f l  t o  the  unknown ve loc i ty  d i s t r i b u t i o n  & and 
t o  the known v e l o c i t y  d i s t r i b u t i o n  ue (x) , indica tes  t h a t  a 
zero pressure gradient  flow i n  the  physical  plane maps i n t o  
a zero pressure gradient  flow i n  the  transformed plane i f  and 
only i f  p p  = constant ,  t h i s  implies t h a t  e i t h e r  P. " T o r  t h e  
flow is  ad iaba t i c ,  
C ,  The Momentum In tegra l  Conditions 
I n  addi t ion  t o  the  above compatibi l i ty  condition, the re  
i s  now imposed t h e  requirement t h a t  the  sca l ing  parameters a r e  
t o  be  se lec ted  so  t h a t  the i n t e g r a l  form of t h e  VP momentum 
equation maps i n t o  the  corresponding form f o r  the CP flows. 
The momentum i n t e g r a l  equation f o r  compressible flow is  
d l n u  d I n p e  d In u 
e 
-+ e -  dx dx 
where 8 and 6* a r e  respect ive ly  the  momentum and displacement  
thiska~esses. The corresponding thscknesses  i n  the CP f l o w  
are 5 and 8* apld it is q u i t e  easy t o  show t h a t  t he  t r a n s f o r -  
mation requires 
whi le  f o r  t h e  displacement th icknesses  t h e  r e l a t i o n s h i p  is  
~ c c o r d i n g l ~ ,  normalizing t h e  CP th icknesses  by t h e  boundary 
l aye r  h e i g h t  and de f in ing  
Equations (31) and ( 3 2 )  imply t h a t  t h e  V P  form f a c t o r  (6* /8)  
transforms l i k e  
Consider now t h e  correspondence between 8 and 5 and 
de f ine  a Reynolds n u d e r  based on boundary l aye r  h e i g h t  a s  
- 
Then from the  d e f i n i t i o n  f o r  C and t h e  f a c t  t h a t  x = x (b() , t h e  
X-wise v a r i a t i o n  of 8 i s  g iven by . 
However, t h e  mmentum i n t e g r a l  equat ion i n  t h e  CP p lane  
can b e  shorn t o  b e  
- 2  -1 ( l n z )  + n  + (1nUejt C2+a/Z] = (P RT) ( 3 4 )  
which when s u b s t i t u t e d  i n t o  t h e  above expression y i e l d s  
o r ,  i n  view o f  Equation- (22) 
d l n e  1 - - d l n  ue/ve 
- -  
2- -1 
- ( X I '  { (3i R r )  - (2+1;1,/C) [ ( h a )  ' + ( x )  ' ( dx 1 I 
Fina l ly ,  s u b s t i t u t i o n  of Equations (35) and (25 )  i n  Equation (30) 
y i e l d s  a f t e r  some manipulations t h e  requirement t h a t  f o r  t h e  V P  
momentum i n t e g r a l  equat ion t o  t ransform t o  i t s  CP counterpar t  
it i s  necessary  t h a t  
-r - suru"iiary8 tha previous  sec t ions  have shsvm t h a t  the 
system of e@ations describing t he  v e l o c i t y  f i e l d  of i n t e r e s t  
in V P  plane,  namelv L J  Err?~atior,s (1) and (2) can b e  't_ransf=rmed 
t o  t h e i r  r e s p e ~ t i v e  CP counterpar t s  by in t roduc t ion  of t h e  
t ransformat ion  r e l a t i o n s  i n  Equations (15) , (16) and (17) 
provided t h a t  t h e  correspondences between gross.boundary- 
layer-parameters a r e  represented by ~ q u a t i o n s  ( 2 1 ) ,  ( 2 2 ) ,  
( 2 5 ) ,  (261, (311, (331, (341, and ( 3 6 )  - 
~t i s  s i g n i f i c a n t  t o  no te  a t  t h i s  junct ion t h a t  t hese  
correspondences involve t h e  func t ions  [a/ay I n  pp], and 
- 
n 
[ ( 1  - 1  . Evident ly ,  t h e i r  eva lua t ion  r equ i r e s  a  
knowledge of t h e  energy f i e l d  w i th in  t h e  viscous l aye r .  One 
p o s s i b l e  approach i s  the  u t i l i z a t i o n - o f  a  Crocco i n t e g r a l  f o r  
t o t a l  enthalpy,  i n  which case  6 and p would b e  e x p r e s s i b l e  a s  
a  func t ion  of  u. Then these  runc t ions  could b e  r e l a t e d  
d i r e c t l y  t o  t h e  p re sen t  va r i ab l e s .  An a l t e r n a t i v e  approach 
u t i l i z e s  an "exac t"  s o l u t i o n  of  t h e  energy Equation ( 3 )  by 
f i n i t e - d i f  ference techniques ,  Both approaches a r e  descr ibed  
i n  d e t a i l  i n  subsequent s e c t i o n s ,  
D. The Constant Proper t ies  Solut ion 
Since succes s fu l  e x p l o i t a t i o n  of t h e  t ransformat ion  
approach depends t o  a  cons iderab le  e x t e n t ,  upon t h e  
a v a i l a b i l i t y  of  a  s u i t a b l e  cons tan t  p roper ty  formulation,  it 
i s  r e l e v a n t  t o  include i n  t h i s  s tudy a  d i scuss ion  of t h e  
p r e s e n t  s t a t u s  of a v a i l a b l e  p r e d i c t i o n  methods f o r  t he  CP flow. 
~p t h i s  connection,  it i s  noted t h a t  i n  r ecen t  yea r s  
Rot ta ,  Ref. 18,  19 and Thompson, Ref. 2 0  reviewed t h e  then  
a v a i l a b l e  procedures and concluded t h a t  p r i o r  t o  1966 reasonable  
performance could be obtained by app l i ca t ion  of  t h e  fo l lowing  
methods : 
t h e  entrainment equat ion o f  Head, Ref. 2 1  
the  s t r i p - i n t e g r a l  method o f  Moses, Ref. 22 
the  app l i ca t ion  of a  cons tan t  eddy-viscosity 
approach of Libby, Barondi,Napolitano, Ref. 23 
the hypothesis  of an e f f e c t i v e  eddy-viscgsity 
proposed by MehLor and Gibson, Ref. 24.  
Sswovcr, t h e i r  s k a t ~ s  report  ifidic;ted t i l h t  even the  b e s t  
a v a i l a b l e  procedures a t  t h a t  time l e f t  room fo r  improvement, 
Fo r tuna te ly ,  due t o  t h e  re-emergence of  i n t e r e s t  i n  t u r b u l e n t  
boundary-layer behavior  a s  a p r a c t i c a l  aerodynamic problem, 
t h e r e  have been numerous re-analyses  o f  t h e  boundary l aye r  
problem s i n c e  t h e  Rotta-Thompson reviews. These newer 
c o n t r i b u t i o n s  have been ca tegor ized  and assessed  i n  t h e  r e c e n t  
AFOSR-IFP Conference a t  Stanford,  Ref, 2 5 .  I t  i s  ev ident  from 
t h e  Stanford meeting t h a t  many of  t hese  procedures can make 
r a p i d ,  accu ra t e  p r e d i c t i o n s  of t h e  incompressible two- 
dimensional t u r b u l e n t  boundary l aye r .  High on t h e  l i s t  a r e  
t h e  s t r i p - i n t e g r a l  method of Moses, Ref. 26 and t h e  f i n i t e -  
d i f f e r e n c e  s o l u t i o n  of  Cebeci and Smith, Ref. 27.  
Evident ly  t h e  preceding development a n t i c i p a t e d  t h e  use  
o f  an i n t e g r a l  technique f o r  t h e  c u r r e n t  e f f o r t .  I n  view o f  
t he  a p p r a i s a l  made by t h e  AFOSR-IFP Conference on t h e  method 
of Moses a s  one of t h e  more app l i cab le  i n t e g r a l  approaches, 
it would appear t h e r e f o r e ,  t h a t  t h i s  choice i s  j u s t i f i e d .  
The p a r t i c u l a r  method a c t u a l l y  employed i s  t h a t  o f  Ref. 28 
which i s  v i r t u a l l y  i d e n t i c a l  t o  t h a t  of  Moses (Ref. 22) and 
i n  p a r t i c u l a r  inc ludes  and a n t i c i p a t e s  a modif icat ion which 
i s  l a t e r  int roduced by Moses i n  Ref, 26. 
In accordance wi th  t h e  s e l e c t e d  method, t h e  development 
o f  t h e  boundary l aye r  is descr ibed  by a s e t  of t h r e e  
equa t ions  conta in ing  t h r e e  func t ions  of  t h e  streamwise 
- 
- 
coord ina te ,  i. e . ,  cf  (E) , 6 (5) and t h e  Coles (Ref. 2 9  ) wake 
parameter,  n ( Z ) .  The f i r s t  two desc r ib ing  equat ions  a r e  Coles '  
s k i n  f r i c t i o n  law and t h e  von Karman momentum-integral- 
equa t ion ;  t h e  t h i r d  equat ion i s  Moses' 2iuxiliary equat ion 
obtained by s a t i s f y i n g  t h e  momentum-integral-equation up . t o  
h a l f  t h e  boundary-layer h e i g h t .  I t  has  been shown i n  Ref, 2 8  
t h a t  a modified form of  t h e  Clauser eddy-viscosity-model 
(Ref. 3 0 )  y i e l d s  improved p r e d i c t i o n s  f o r  flows with adverse  
p re s su re  g rad ien t s .  This modi f ica t ion  c o n s i s t s  of t ak ing  t h e  
momentum th i ckness ,  r a t h e r  than t h e  displacement th ickness  
a s  t h e  length s c a l e  of t h e  e f f e c t i v e  eddy v i s c o s i t y .  A 
s i m i l a r  conclusion was a l s o  a r r i v e d  a t  by Moses in Ref, 2 6  
a s  i nd i ca t ed  prev ious ly .  
Thus tak ing  t h e  work of Coles, Ref. 30,  a s  a  s t a r t i n g  
p o i n t ,  a  two l aye r  model f o r  t h e  v e l o c i t y  i s  assumed, i , e , , *  
where u se  is  made of  the  polynomial approximation o f  Moses, 
Ref. 22, t o  Coles wake func t ion .  A d i r e c t  consequence o f  
Equation.- (37) i s  t h e  sk in  f r i c t i o n  law s t a t i n g  t h a t :  
and the  r ep re sen ta t ion  of t h e  normalized displacement and 
momentum th icknesses  by 
6es  i des  t h e  - momentum-integral-equatio - n,  Eq. (34) , with  t h e  
va lues  of and C s p e c i f i e d  above, and t h e  s k i n - f r i c t i o n  
law, Eq. (38), a t h i r d  equat ion necessary t o  l i n k  t h e  t h r e e  
- 
v a r i a b l e s  R, F3, 'IT t o  t h e  independent v a r i a b l e ,  x, . i s  obta ined  
by i n t e g r a t i n g  the momentum equation t o  some 5 = v*< 1 . The 
r e s u l t i n g  equat ion i s  
* The cons tan ts  A and b appearing i n  Equation (37) a r e  
a s soc i a t ed  with t h e  .'law of t h e  wa l l "  and a r e  taken h e r e  t o  
be  A = 2 . 4 3 ,  b = 7 . 5 .  
- 
where T*  i s  t h e  va lue  of shear  a t  'j;i = 5-k - 
A t  t h i s  p o i n t ,  following Ref. 28, a  modified form of  t h e  
Clauser  eddy v i s c o s i t y  model i s  introduced t o  d e s c r i b e  t h e  
- - - 
shea r ,  T $  i n  terms of  t he  t h r e e  dependent v a r i a b l e s  R ,  p,  n .  
A s  f o r  t h e  right-hand s i d e  of E q .  (41) it can be  expressed 
i n  terms of  t h e  same v a r i a b l e s  wi th  t h e  h e l p  of Eq .  ( 3 7 ) .  The 
modified form s f  t h e  eddy v i s c o s i t y  model i s  
- 
H 
F.P. c + v = fi F* =---- 
e  H(X)  = Blue 3 
and a t tempts  t o  account somewhat f o r  t h e  e f f e c t  of upstream 
h i s t o r y  bv t h e  choice of  t h e  length  s c a l e ,  ~*H~-~-/E(~). 
r a t h e r  than t h e  usua l  s c a l e  2". With t h e  o r i g i n a l l y  quoted 
va lue  of  t h e  Clauser cons t an t ,  f i ,  changed from 0.018 t o  
0.016 ( s e e  Refs. 22 and 2 3 ) ,  and with  t h e  f l a t - p l a t e  va lue  of 
- 
t he  form f a c t o r ,  P I F e p , ,  t aken a s  approximately 1.32 then t h e  
eddy-viscosi  t y  law becomes 
Noteworthy i s  t h a t  t he  law used by Moses, Ref. 26, e s t ima te s  
a  s l i g h t l y  g r e a t e r  va lue  i n  t h a t  t he  eddy v i s c o s i t y  assumes 
t h e  form 
Accordingly, s~stituting Eq, (37) and (42b) into Eg. (41) 
and performing khe necessary integration and d i  E f e r e n t i a  t i s n  
y i e l d s  
where t h e  i n t e g r a l s  and the  q u a n t i t i e s  q a r e  def ined  i n  1 , 2 ,  ,,. Appendix A ,  
For convenience i n  t h e  numerical a n a l y s i s  E q .  (38) can be 
d i f f e r e n t i a t e d  y i e ld ing :  
In  t h i s  manner t h e  r e q u i s i t e  CP s o l u t i o n  i s  descr ibed by 
t h e  t h r e e  equa t ions ,  i. e . ,  E q .  (34) , (43) , and (44) f o r  t h e  
- 
t h r e e  dependent va r i ab l e s  $, T ,  R with t he  streamwise Reynolds 
 umber a s  t h e  independent v a r i a b l e ,  
Extensive comparisons of t h i s  i n t e g r a l  method formulat ion 
wi th  experiments appear i n  References 2 2 ,  26 and 28 and i n d i c a t e  
good agreement. For completeness, a comparison i s  a l s o  in-  
cluded he re  between t h i s  approach and a r ep re sen ta t ive  
f  i n i t e - d i f f e r e n c e  r e s u l t  due t o  Cebeci and Smith (Ref: 2 7 )  . 
A s  may b e  seen in  F igu res  1 ,  2 and 3 t h e  agreement i s  q u i t e  
adequate,  
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AEtS~rugh E q ,  (46) provides t h e  f i n a l  r e l a t i a n  required 
$0 complete the  system s f  e m a t i o n s  it should be noted t h a t  
once again t 5 e r e  is  required a kxowledge ef the  tkem.odynamic 
behavior of t h e  VP f l u i d .  Determination of t h i s  behavior and 
a  development of the f i n a l  form of the  working equations a r e  
presented i n  the  following sec t ions .  
F, Description of t h e  Thermodynamic Behavior and Final  Form 
of the  Working Equations 
l .Simplif ied Approach 
Before proceeding with the development of a  more accurate  
descr ip t ion  of t h e  thermodynamic behavior of means of a  
f in i t e -d i f fe rence  so lu t ion  of Ey. ( 3 )  it i s  worthwhile t o  
oonsider the  s impl i f i ca t ions  afforded by, and t h e  ramificat ions 
associated with, the  use  qf  a  Crocco i n t e g r a l  as  t h e  necessary 
equation f o r  r e l a t i n g  6 ,  F ,  e t c .  t o  the  ve loc i ty  d i s t r i b u t i o n  
- 
u . Of course, severe l imi ta t ions  must be  placed on any 
analys is  u t i l i z i n g  such an approach s ince  the  v a l i d i t y  of 
the  Crocco i n t e g r a l  a s  a solu t ion  of Eq, ( 3 )  i s  r e s t r i c t e d  t o  
r a t h e r  specia l ized  cases,  Among those which may be c i t ed  a r e  
t h e  requirements of un i ty  ~ r a n d t l  number and constancy of edge 
and wall  conditions. Nevertheless, some success i n  describing 
boundary layer  behavior has been achieved by u t i l i z a t i o n  of  
t h i s  approach even f o r  problems involving s u b s t a n t i a l  v io la t ions  
of the  r e s t r i c t i o n s  mentioned above. Since i t s  implementation 
requi res  r e l a t i v e l y  l i t t l e  e f f o r t  a  numerical program based on 
exploi ta t ion  of t h e  approach was deemed appropriate .  ~ c c o r d i n g l y ,  
a  numerical computer program based on the  following consid- 
e ra t ions  has  been developed. 
- - 
The Expressions fo r  p ,  y, o 
I t  is assumed t h a t  t h e  t o t a l  enthalpy r a t i o  within 
the  viscous layer  can be represented by the r e l a t i o n  
Then Eor a pe r fec t  gas, the  densi ty-veloci ty r e l a t i o n  i s  
simply 
- 
where He is def ined as  t h e  p a t i o  beeween edge t o t a l  and s t a t i c  
enthalpy.  Then the  i n t e g r a l  
and the  term 
can b e  expressed i n  terms of t h e  dependent va r i ab l e s .  I n  
p a r t i c u l a r ,  i t  can b e  shown t h a t  
where 
and 
5 -2 
I~ (I)) r u  dij 
" 0 
. CII 
can b e  obtained once Eq.  ( 3 7 )  i s  s u b s t i t u t e d  f o r  - u  . For 
the  second term, the  t ransformation formulae give 
For t he  t e r n s  involving v i s c o s i t y ,  two choices  a r e  u t i l i z e d .  
One o f  t hese  i s  a  power law v a r i a t i o n  such t h a t  
implying that 
I n  t h i s  ca se  t h e  term h / a ~  I n  appearing' i n  Eq. (26) 
becomes 
Also t h e  term P / p ,  which appears i n  Eq. (46) can b e  w r i t t e n  
S 
I n  t h e  second case ,  t h e  Suther land law i s  used. I n  
terms of  t h e  v a r i a b l e s  used h e r e  t h i s  can b e  expressed a s  
Then i n s t e a d  of  Eq. (52a)  t h e  fol lowing equat ion can b e  
s u b s t i t u t e d  i n t o  Eq, (26) : 
whi l e ,  i n  l i e u  of ( 5 3 a )  there is obtained 
To complete t h e  formulation 6 and t h e  i n t e g r a l  appear ing 
S i n  Eq.  ( 4 6 ) ,  namely 
must b e  expressed i n  terms of  t h e  b a s i c  dependent v a r i a b l e s .  
Here i t  should be  noted t h a t  t h e  i n t e g r a t i o n  i s  t o  b e  
performed only up t o  t h e  edge of t h e  laminar sublayer .  With- 
i n  t h i s  region the  v e l o c i t y  p r o f i l e  t akes  on t h e  form 
where y+ de f ines  a  Reynolds number based upon t h e  shear ing  
- 
v e l o c i t y ,  u  i . e . ,  
7' 
For t h e  p a r t i c u l a r  values  of  t h e  law-of-the-wall  cons t an t s  
which a r e  used i n  t h i s  formulation y+ t akes  on t h e  va lue  10.6 
a t  t h e  laminar sublayer  edge, m e n  t h e  d e n s i t y  a t  t h i s  
h e i g h t  i s  obtained from 
2 (lfi) s= ge[g,+l0. 6  (1-gw) /PI + 112.36 (1-Re) @ 
whi le  i n t e g r a t i o n  y i e l d s  
Accordingly, Eq. (46) may be  wr i t t en  
where F i s  given by Eq. (54) while O i s  expressed by e i t h e r  
(53a) o r  (53b) depending on t h e  choice of  viscosity-temperature 
va r i a t ion .  I t  is important t o  note from these  r e l a t i o n s  t h a t  
the  quant i ty  6 has t h e  funct ional  form 
where t h e  dependen~e on &, en te r s  through t h e  poss ib le  
v a r i a t i o n  of both He and gw. 
2.  Final  Form of the  Working Equations 
In t h i s  sec t ion  the  various equations which 
a r e  required f o r  determination of t h e  VP boundary layer  be- 
havior  a r e  presented i n  f i n a l  form s u i t a b l e  fo r  numerical 
in tegra t ion .  In  t h i s  system the  b a s i c  dependent var iables  
- 
a r e  taken t o  b e  <p, n ,  fT, 3 , 0, f ,  X with t h e  CP Reynolds 
number X considered as  tge  independent var iable .  Once 
these  have been evaluated, 8, 6 * ,  c f ,  e t c .  follow from the  
various a u x i l i a r y  equations which have been derived,  Also 
f o r  numerical convenience t h e  a lgebra ic  equation fo r  o 
is  d i f f e r e n t i a t e d .  Thus, considering the  d e f i n i t i o n s  of 
I' and O which go i n t o  the  expression f o r  5 and considering 
t h e i r  r e l a t i o n  t o  t h e  dependent va r i ab les ,  it can be  shown 
t h a t  formally 
can be  used ins tead  of Eq. ( 5 5 a ) .  In addi t ion  t o  the  above 
equation, the  complete system of d i f f e r e n t i a l  equations, 
includes E q s .  (222, ( 2 6 ) , ( 3 4 j ,  ( 3 6 ) ,  (43 j , arid ( 4 4 ) -  The 
rnatric r ep re sen ta t ion  o f .  this system is -
A12 '%3 A14 0 0 0 
A21 '22 A23 '24 0 0 0 
'31 '32 A33 A34 0 0 0 
0 O '44 0 0 0 
0 0 0 A5 5 O '57 
0 A64 A A A 65 66 67 
0 0 0 A 75 A76 '77 
- 
E x p l i c i t  expressions fo r  t h e  elements of t h e  mat r ix  a r e  
given i n  Appendix A .  
3 .  Boundary and I n i t i a l  Conditions 
Externa l  Conditions - Since t h e  p e r f e c t  gas 
assumption is  i m p l i c i t l y  employed i n  t h i s  s imp l i f i ed  formu- 
l a t i o n  ( c f ,  Eq .  (48) ) s p e c i f i c a t i o n  o f  t h e  e x t e r n a l  Mach 
number d i s t r i b u t i o n  M, (x )  suf f i c e s  f o r  t h e  de te rmina t ion  o f  
a l l  e x t e r n a l  flow parameters by u t i l i z a t i o n  o f  t h e  
app ropr i a t e  i s e n t r o p i c  r e l a t i o n s .  For conversion of  t hese  
d i s t r i b u t i o n s  t o  t h e  v a r i a b l e  x it  i s  a l s o  necessary t o  
spec i fy  t h e  i n i t i a l  va lue  of u n i t  Reynolds number (u /v ) . 
e e o  I f  t h e  Suther land v i s c o s i t y  r ep re sen ta t ion  i s  u t i l i z e d  
it i s  a l s o  necessary t o  spec i fy  the  t o t a l  temperature o f  t h e  
e x t e r n a l  stream ( c f ,  Eq. ( 5 1 ) )  which is ,  of  course ,  taken as 
cons tan t  i n  t h i s  a n a l y s i s .  
Wall Conditions - The wa l l  condi t ions  a r e  
completely charac te r ized  by s p e c i f i c a t i o n  of gw whkch, i n  
view of  t h e  p e r f e c t  gas assumption i s  equiva len t  t o  s p e c i f i -  
c a t i o n  of the  wal l  temperature,  The a d i a b a t i c  wa l l  condi t ion  
- 
of  course  corresponds t o  s e t t i n g  g w Z  1 s i n c e  t h e  P rand t l  
n u d e r  has  been taken a s  un i ty .  Although no t  s t r i c t l y  v a l i d  it 
is of course poss ib l e  t o  spec i fy ,  t h a t  gw is a v a r i a b l e .  This  
would be accounted f o r  in t h e  cabcula t ions  by proper 
interpretation o f  the p a r t i a l  derivatives a r / a k  and a @ / d ~  
appear ing i n  E q ,  ( 5 % )  , 
4 ,  I n i t i a l  Conditions 
I t  is noted t h a t  i n  t h e  d i f f e r e n t i a l  c o e f f i c i e n t s ,  
A i j ,  o f  t h e  system (56) no e x p l i c i t  dependence on x o r  
occurs :  accordingly these  i n i t i a l  va lues  a r e  a r b i t r a r y  and 
may convenient ly  b e  taken t o  be zero ;  furthermore,  i n s o f a r  as 
5 i s  concerned it can b e  shown t h a t  t h i s  vak iab le  appears 
only i n  t h e  combination {/io implying again t h a t  t he  i n i t i a l  
va lue  to i s  a r b i t r a r y  and can be taken a s  un i ty .  Since t h e  
- 
four  dependent v a r i a b l e s  p, v ,  R and a r e  r e l a t e d  by  t h e  two 
a l g e b r a i c  equat ions  (38) and (55a )  on ly  two of t hese  need b e  
s p e c i f i e d .  I t  w i l l  become apparent  i n  t h e  ensuing develop- 
ment t h a t  t h e  m o s t  convenient choice  corresponds t o  spec i -  
e - 
f i c a t i o n  of + n + t j a l  va lues  of y? and V .  The i n i t i a l v a l u e  of - 
ue i s  by  d e f l n i t l o n  u n l t y .  
One method of  spec i fy ing  these  i n i t i a l  va lues  
makes use  of a p re sc r ibed  v e l o c i t y  p r o f i l e  i n  t h e  VP flow, 
I n  t h i s  case  t h e  choice of 5 and la follow unambiguously from 
t h e  fo l lowing  cons idera t ion .  Let  
Then from t h e  t ransformat ion  laws it  can b e  shown t h a t  
Since t h e  v e l o c i t y  p r o f i l e s  G ( R  ) have been spec i f i ed ,  a p l o t  of  
G ve r sus  R ~ / G  can b e  generated.Y This can be compared with  a 
s e r i e s  of t h e o r e t i c a l  ve loc i ty '  p r o f i l e s  within t h e  "law of t h e  
wa l l "  region* corresponding t o  va r ious  choices  of p*. The 
* T h e  v e l o c i t y  p r o f i l e  r ep re sen ta t ion  wi th in  t he  "law of  t h e  
wal l "  reg ion  follows from t h e  l a t t e r  of E q .  ( 3 7 )  by s e t t i n g  n=O. 
There r e s u l t s  u = tA&)ln ( b ~ ~ @ )  
** T h e  va lue  of assoc ia ted  with  t h i s  choice of $ follows 
from E g .  ( 5 5 ) -  
profile which best cor~el~tes t h e  d a t a  determines the corres- 
ponding i n i t i a l  va lue  of for t h e  given p r o f i l e ,  The - 
as soc i a t ed  va lue  of  %' follows from E q .  (38) with  ce = 1 and R 
evaluated "experimental ly"  from E q ,  ( 5 7 b ) ,  
This procedure was f i r s t  developed i n  Ref. 11 and 
subsequently a l s o  u t i l i z e d  i n  Ref. 12, I t  may b e  thought of 
a s  a  g e n e r a l i z a t i o n  of t h e  "Clauser P lo t"  technique (Ref, 2 9 )  
which accounts fo r  t h e  e f f e c t  of  compress ib i l i ty .  
The i n i t i a l i z a t i o n  technique descr ibed above, s i n c e  
it  r equ i r e s  s p e c i f i c a t i o n  of v e l o c i t y  p r o f i l e s  a t  some 
streamwise loca t ion  has  a p p l i c a t i o n  i n  connection with  
experimental  r e s u l t s .  I n  t he  absence of such d a t a  it i s  
necessary t o  i n i t i a l i z e  t h e  computational procedures a t  a  
l ead ing  edge. In  t h i s  case  t h e  same procedure i s  u t i l i z e d  
f o r  both t h e  s imp l i f i ed  a n a l y s i s  and t h e  f  i n i t e - d i f  fe rence  
approach, and thus  w i l l  b e  discussed a f t e r  t h e  d e t a i l s  of t he  
l a t t e r  have been descr ibed.  
5. F i n i t e  Di f fe rence  Approach 
We consider  now a more accura te  t rea tment  o f  t h e  con- 
s e rva t ion  of energy equat ion,  Eq. ( 3 ) .  One p o s s i b l e  approach 
would b e  t o  transform t h i s  equat ion i n t o  t h e  same imcompress- 
i b i l i t y  f i e l d  a s  was done t o  t h e  momentum equat ion i n  Sec t ion  
11. In  t h i s  case  it would be necessary t o  de r ive  transforma- 
t i o n  r u l e s  which would govern t h e  correspondence of  t h e  
dependent v a r i a b l e ,  g ,  and the  parameter,  Pe, t o  t h e i r  
respec. t ive  coun te rpa r t s .  In f a c t  t h i s  approach was examined 
by Crocco (Ref. 10) who found t h a t  t h e  correspondence between 
Pe and Pe was of such complexity a s  t o  render  t h e  numerical  
s o l u t i o n  of  t h e  energy equation imprac t ica l .  
~ c c o r d i n g l y ,  the  approach taken h e r e  w i l l  e s s e n t i a l l y  
be  s i m i l a r  t o  t h a t  taken i n  ~ e f .  32 and 3 3 ,  which t r e a t  t h e  
behavior  of t he  t u rbu len t  boundary layer  with mass add i t i on  
and h e a t  t r a n s f e r  a t  cons tan t  p ressure .  In  these  formulat ions  
t h e  t ransformation i s  formal ly  appl ied t o  t h e  independent 
v a r i a b l e s  x ,  y .and t h e  v e l o c i t y  components. A modified von 
Mises t ransformation i s  then used t o  reduce the  energy equat ion 
t o  a genera l  form o f  a d i f f u s i o n  equat ion.  Standard f i n i t e -  
di f ference- techniques  a r e  then appl ied t o  e f f e c t  a  s o l u t i o n ,  
Working Form s f  the  Energy E g u a t i s n  
~ e c o r d i n g  t o  the compres s ib i l i t y  t ransformat ion  
u t i l i . zed  h e r e i n  t h e  fol lowing d t f f e r e n t i a t i o n  rules apply: 
Applying t h e s e  r u l e s  t o  t h e  energy equat ion y i e l d s  
d l n a  3 - on a 
- 
1 ag + 
-=Cp (pc+u) [: - -- a~ 5 a~ pe a~ 
A modified von Mises t ransformat ion  i s  now introduced such 
that 
where 
then  
S u b s t i t u t i n g  t h e  above t ransformat ion  r u l e s  i n t o  E q .  (3a) and 
r e c a l l i n g  the  d e f i n i t i o n  of  6 and 5 and t h e  f a c t  t h a t  
y i e l d s  t h e  des i r ed  expression,  i . e . ,  
b ---2 (Pe/Pe, O )  ( u e / ~  ) 3 = - i Cpuo e, 0  a %  .7 a@ ''eIue, o ) be I $ - % +  pe a@ 
L 
U 
e 1 a;2 d ln6  d l n  M. + -  ( 1 - - - 1 %  ) I  - ( ~ J L  -- - e l ( &  29 
He Pe a@ dX dX ax)]  a@ 
~t t h i s  p o i n t  it i s  necessary t o  spec i fy  t h e  form o f  t h e  eddy- 
v i s c o s i t y  v a r i a t i o n  (pr+p) .  This is  provided by t h e  t r ans -  
formation i t s e l f  i n  terms of t h e  CP v a r i a b l e s ,  Thus, no 
a d d i t i o n a l  empir ica l  s ta tement  i n  t h i s  regard i s  required.  
The des i r ed  v a r i a t i o n  is  obtained i n  a  manner s i m i l a r  t o  t h a t  
used t o  der ive ,  Eq .  (41) , i . e , ,  t h e  momentum equat ion (2)  is 
in t eg ra t ed  with r e spec t  t o  t h e  normal coord ina te  5 u t  wi th  t h e  
upper l i m i t  of i n t e g r a t i o n  considered a  v a r i a b l e .  Appl ica t ion  
of t h e  t ransformat ion  rules then y i e l d s  
Thus, s i n c e  
t h e  terms i n  t h e  f i r s t  square bracket  i n  Eq. (3b) can be  
r e l a t e d  t o  p roper t i e s  of the  transformation and the  CP 
solut ion.  It i s  noted a l s o  t h a t  
which provides the  correspondence between @ and . 
F i n i t e  Difference Form of t h e  Energy Equation 
To generate  a  so lu t ion  of E q .  (3b) an impl ic i t -cent ra l -  
f in i t e -d i f fe rence  s c h e ~ e  i s  u t i l i z e d  with a  v a r i a b l e  s t e p  
s i z e  i n  t h e  @ d i r e c t i o n  ( c . f . ,  Figure 4 ) L e t  
Then Equation (3b) can be wr i t t en  
and i n  accordance with the  aforementioned procedure t h e  
following s e t  of a lgebra ic  equations evolves : 
2 
where t h e  order of t h e  t runcat ion e r r o r  i s  0 (ax,  a@ ) 
f o r  a l l  m 2 3."  
Here n  denotes a  generic  streamwise s t a t i o n  while 
m is an index fo r  t h e  mesh i n  the  "normal" d i r e c t i o n  $ which 
runs up t o  a  value M which i s  determined i n  a  manner cons is tent  
with the  edge boundary condition on g a s  is  discussed below. 
Note t h a t  a l l  of the  c o e f f i c i e n t s  appearing i n  E q ,  ( 6 2 ) ,  
which e s s e n t i a l l y  involve only the f l u i d  mechanic behavior, a r e  
evaluated a t  a  previous s t a t i o n  n  r e l a t i v e  t o  t h e  g- f ie ld  
which i s  t o  be determined a t  t h e  s t a t i o n  n+l ,  That i s ,  t h e  
thermodynamics, represented he re  by gn", " lags" t h e  f l u i d  
mechanics a s  r e f l e c t e d  by t h e  A" B:,~ e t c -  
m" 
*At m=2 it can be shown t h a t  E q ,  ( 6 2 )  i s  not va l id  t o  order 
( A g  ) 2  by v i r t u e  of t h e  behavior of g i n  the  v i c i n i t y  of the  
wall ,  i . e . ,  ag/a@ --boo a s  @ -+ 0 .  ~ c c o r d i n g l y ,  a  specia l  form 
of d i f ference  equations i s  required a t  m=2, This spec ia l  
form i s  discussed below. 
Consider now app l i ca t ions  of t h e  boundary condi t ions  
t o  t hese  f i n i t e - d i f f e r e n c e  equat ions .  A t  m = M, Eq. (62) 
y i e l d s  
The "exact"  boundary condi t ions  ag/at+4 -. 0 a s  @ -+ CD a r e  
imposed i n  an approximate way by t ak ing  
Accordingly, t h e  proper form o f  t h e  d i f f e r e n c e  equat ion f o r  
m = M becomes 
where 
To impose t h e  boundary condi t ions  a t  t h e  wal l  t h e  proper  
form o f  d i f f e r e n c e  equation f o r  m = 2 must f i r s t  b e  developed. 
The d e t a i l s  of t h e  de r iva t ion  w i l l  b e  given i n  Appendix B. 
Bas ica l ly ,  t h e  required equat ion i s  obtained by recognizing t h a t  
i n  t h e  v i c i n i t y  of t h e  wa l l  g  can be  represented by  t h e  f i n i t e  
s e r i e s *  
*The s e r i e s  i s  t runcated a t  j=3 t o  b e  c o n s i s t e n t  with t h e  order  
of t h e  t runca t ion  e r r o r  assoc ia ted  with t h e  b a s i c  f i n i t e -  
d i f f e r ence  scheme. 
Evident ly ,  i n  view sf t h e  boundary e e n d i t i s n  on g j ~ f , ,  
E q ,  ( $ 8 )  ) the leading c o e f f i c i e n t  0 %  t h e  s e r i e s  (64) is 
simply gytz, The remaining three c o e f f i c i e n t s  a re  evaluated 
by a forward-three-point-difference scheme a s  descr ibed  i n  
Appendix B,  Thus, t ak ing  i n t o  account Equations (63 ) and (64)  , 
Eq-uation (5 1) frsm 2.  . . .M, can be  w r i t t e n  i n  t h e  t r i d i agona  l 
mat r ix  form n 
n 
- 
B3 C3 
A4 B4 C4 
' \ \  
' \ \  \ 
' \  0 
\ \ \  \ C 
A ~ - l  - 1  M - 1  
- 
B~ 
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where q, 4, and F2 a r e  func t ions  o f  t h e  G, ' s a s  given i n  
Appendix B . 
The above M - 1  a lgeb ra i c  expressions when coupled t o  t h e  
seven o rd ina ry  d i f f e r e n t i a l  equat ions  prev ious ly  descr ibed  
- -  %. 
y i e l d  a system of M-r-6 equat ions  f o r  t h e  unknowns 5, m ,  R ,  IT,, a ,  
t ,  b( and g (72, A$ I m) where m = 2 , 3  ,.,. M, 
6. Boundary and I n i t i a l  Conditions f o r  t h e  General Problem 
I n  t h i s  case ,  t h e  l i n e a r  r e l a t i o n  between s t agna t ion  
en tha lpy  and v e l o c i t y ,  a l luded t o  i n  t h e  previous s ec t ion  
a s  a curve f i t  between t h e  w a l l  and e x t e r n a l  stream 
condi t ions  need n o t  be  appl icab le .  Consequently -boundary 
condi t ions  t o  be  evaluated a t  the  wa l l ,  e .  g ,  , [a/i3ylnFG], 
cannot b e  expressed a n a l y t i c a l l y  b u t  must be  compatible 
with t h e  f i n i t e - d i f  ference formulation.  
Wall conditions - TWO cases are considered;  far khe 
a d i a a t i e  case (@PIw and gw are unknom and must be calculated 
as the solu t ion  proceeds, For the second ease, wit21 heat 
t r a n s f e r  t h e  wall  temperature i s  prescribed. Then gw and 
(pP),can be  ca lcula ted  from appropriate thermodynamic re la t ions .  
To evaluate de r iva t ives  f o r  the  non-adiabatic case requi res  
s p e c i a l  a t t en t ion  s imi lar  t o  t h a t  used t o  obta in  the  f i n i t e -  
d i f ference  equation a t  the f i r s t  mesh po in t  above t h e  wall ,  
%n t h i s  connection it can be shown t h a t  the product @ii i n  t h e  
neighborhood of the  wall  can be considered t o  behave i n  a 
s imi la r  fashion t o  g. That is ,  we take 
from which 
where 
and we have u t i l i z e d  t h e  r e l a t i o n s  
which follow i n  a s t r a i g h t  forward manner from t h e  previous 
formulation. To evaluate t h e  coef f i c i en t  R1 consider t h e  
power s e r i e s  t o  be va l id  a t  the  f i r s t  three  generic  poin ts  
above the wal l ,  i . e . ,  m = 2,3,4. Then, i n  terms of the values 
of ,i5E a t  these  points ,  a system of th ree  algebraic  equations 
evolves f o r  R l ,  R2, and R3. In p a r t i c u l a r  
R1=Rll (EL m=4+RlZ ( P i )  m=3 +R 13 ( 6 i )  m=2+R14 (8b) (68) 
where t h e  c o e f f i c i e n t s  R a r e  only h n e t i s n s  sf A 6  and F i j 
For the a d i a b a t i c  wa l l  case we take  (ag/ay)w= (al$b/ay)w=o 
To determine gw consider  Eq.  (64) wi th  GI= 0 s i n c e  f o r  
ag/ay -+ 00, (ag/a@)G 0 .  Thus i n  t h e  neighborhood o f  t h e  wa l l  
where 
Consequently, by cons ider ing  t h e  above (g ,  @) dependency t o  
be  v a l i d  a t  t h e  2 i r s t  t h r e e  mesh p o i n t s  above t h e  wa l l ,  again 
a  system of  t h r e e  a l g e b r a i c  equat ions  r e s u l t s  which when 
solved f o r  Go (o r  gw) y i e l d s  
where t h e  c o e f f i c i e n t s  G can b e  shown t o  b e  func t ions  of 
8 5  and ol. l j  
Ex te rna l  Conditions - For the  gene ra l  problem, t h e  
e x t e r n a l  s t ream need n o t  b e  considered a s  a  p e r f e c t  gas  
with  cons t an t  s p e c i f i c  h e a t s .  However, t h e i n i t i a l  s t a t e  of 
the  gas must b e  prescr ibed  toge ther  with t he  e x t e r n a l  v e l o c i t y  
and presuming t h a t  a  s u i t a b l e  equi l ib r ium chemistry is 
a v a i l a b l e  a l l  o t h e r  e x t e r n a l  q u a n t i t i e s  and t h e i r  r e q u i s i t e  
d e r i v a t i v e s  a r e  r e a d i l y  ob ta inable .  
I n i t i a l  Conditions - To s t a r t  t he  so lu t ion ,  t he  
s t a t e  o f  t h e  gas  must b e  prescr ibed  a t  each gene r i c  p o i n t  
of t h e  @ mesh. Hence g (g, ) and 6 (4, xo) must b e  considered 
known from t h e  w a l l  t o  t h e  cage of t h e  boundary l aye r .  
Knowledge of t hese  p r o f i l e s  and the  app ropr i a t e  "chemistry" 
model then  i n i t i a l l y  f i x e s  a l l  o t h e r  p r o f i l e s  of thermodynamic 
p r o p e s t i e s ,  e  . g . ,  6 ( @ )  and 6 ( 5 )  . The procedure i n  determining 
t h e  i n i t i a l  values  of t he  seven dependent var iab- les ,  p , ' ~ ~ , R , e t c . ,  
i s  then i d e n t i c a l  t o  t h a t  discussed i n  Sect ion 1 1 . ~ ~ 4  except  
t h a t  t h e  parameter i s  evaluated by numerical  i n t e g r a t i o n  
u t i l i z i n g  t h e  b a s i c  r e l a t i o n  ( 4 6 ) .  
One special cons idera t ion  a r i s e s  here i n  connection 
with  t he  parameter ( h e )  ' which appears i n  Equation (3b ) 
Since t h e  Crocco i n t e g r a l  i s  n o t  v a l i d  i n  t h i s  formulation 
an e x p l i c i t  value of ( l n6 )  ' cannot b e  computed a t  t h e  
i n i t i a l  s t a t i o n .  Two a l t e r n a t i v e s  may b e  considered t o  
i n i t i a l i z e  t he  computational scheme, F i r s t ,  a  va lue  of 
(1nG)'  can b e  i n i t i a l l y  assumed and an i t e r a t i v e  procedure 
performed a t  t h i s  f i r s t  numerical  s t a t i o n  t o  ob ta in  a  more 
accu ra t e  s t a r t i n g  value.  O r ,  i n i t i a l l y ,  a Crocco i n t e g r a l  and 
a  ,6, ij dependency i s  assumed, thereby making ( l n ~ ) '  c a l c u l a b l e  
from Equation (55b) . I n  e i t h e r  case ,  t h e  subsequent va lues  
of (hi?)' can be  approximated by  a  numerical f i n i t e -  
d i f f e r e n c e  technique.  
111, RESULTS AND DISCUSSIONS 
A ,  The Available Predic t ion  Methods 
A s  a p re face  t o  t h e  subsequent comparisons with  
experiments,  it would seem worthwhile t o  acqua in t  t h e  reader  
wi th  t h e  o t h e r  a v a i l a b l e  p r e d i c t i o n  methods. The r e s u l t s  o f  t h e  
p re sen t  approach w i l l  b e  compared t o  t h e  r e s u l t s  of seven 
o t h e r  i n v e s t i g a t i o n s ,  Two p o i n t s  of view .are  taken he re .  
One, i s  t o  compare with  o t h e r  methods t h a t  u t i l i z e  t h e  t r ans -  
formation of Coles b u t  r e s o r t  t o  d i f f e r e n t  c lo su re  r u l e s  than 
those s p e c i f i e d  he re in .  I n  t h i s  regard ,  t h e  works of Lewis 
e t  a l ,  Ref, 34, t h e  procedure of  Camarata and McDonald, Ref. 35, 
a s  repor ted  by McDonald, Ref. 36, w i l l  comprise t h i s  cont ingent .  
The second viewpoint i s  t o  compare with  ana lyses  which 
r e s o r t  t o  d i f f e r e n t  computational procedures than t h e  t r a n s -  
formation.  Consequently, comparisons w i l l  b e  made wi th  t h e  
i n t e g r a l  methods of Sasman and Cresc i ,  Ref. 37, F l ahe r ty ,  Ref. 
38, and t h e  eddy-viscosi ty  model o f  F ish  and McDonald, Ref. 39, 
a s  a r e  a l s o  repor ted  by McDonald, Ref. 36, who no te s  t h a t  t h e  
l a t t e r  approach i s  somewhat s i m i l a r  t o  t h e  development made 
by Herring,  Ref. 40. 
With regard t o  t h e  procedures r e s o r t i n g  t o  t h e  transforma- 
t i o n ,  t h e  method of  Ref. 35 repor ted  by McDonald assumes t h a t  
t h e  ( o / q )  s c a l e  be p ropor t iona l  t o  t h e  s t a t i c  temperature.  
This assumption was requi red  a s  McDonald p o i n t s  o u t  s i n c e  
... extreme s e n s i t i v i t y ,  indeed s ingu la r  behavior  
was a  consequence of  d e r i v i n g  t h e  t ransformat ion  
s c a l e  4 by s imultaneously s a t i s f y i n g  the  
energy and momentum equat ions  a t  t h e  wa l l  us ing  
a  laminar P rand t l  number i n v a r i a n t  under t h e  
t ransformat ion ,  - a * S  
I n  t h e  c u r r e n t  method, t h i s  d i f f i c u l t y  does n o t  e x i s t  s i n c e  
t h e  energy equat ion has  n o t  been transformed and a s  such no 
p o s t u l a t e s  o r  empiricisms a r e  deemed necessary i n  r e l a t i n g  
t h e  P rand t l  number i n  both p lanes .  Rather ,  t h e  energy equat ion 
i s  solved i n  t h e  phys ica l  p lane  with  one l e s s  empiricism 
however, The eddy-viscosi ty  d i s t r i b u t i o n  requi red  i n  the 
formulat ion is n o t  a  p r i o r i  s t a t e d  b u t  i n f e r r e d  from the 
s o l u t i o n  s i n c e  t h e  t ransformation has  shown t o  produce a 
correspondence between the  l o c a l  phys ica l  shear d i s t r i b u t i o n  
and t h e  CP parameters ,  
Four bas%c asfkereraces in the rnetkaod sf  Lewrs, di;llbota and 
We?, R e f ,  34, exist when compxced to t he  ~ethsd herein. One 
d i f f e r e n c e ,  although not fundamental, i s  their choice of a 
suitable incornpressibP e form11 lation; another is the choice of 
t h e  " s&s t ruc tu re  hypotheses" of  Coies r a t h e r  than t h e  "sub- 
l aye r  h m o t h e s i s "  used wi th in ,  However, t h e  fol lowing two a r e  
considered fundamental d i f f e r e n c e s  between t h e  two approaches. 
Foremost i s  t h e  n e c e s s i t y  imposed by t h e i r  s o l u t i o n s  with 
regard t o  s a t i s f y i n g  t h e  laws of "corresponding s t a t i o n s "  
whereas i n  t h i s  approach s t r i c t  adherence i s  given t o  t h e  
correspondence of s k i n  f r i c t i o n .  The requirement t h a t  z e r o -  
pressure-grad ien t  flows must map i n t o  t h e i r  ze ro-pressure-  
g r a d i e n t  counterpar t s  c o n s t i t u t e s  t h e  l a s t  d i f f e r e n c e ,  
The i n t e g r a l  method of Sasman-Cresci i s  one which uses  
a  modi f ica t ion  t o  t h e  s tandard Mager-type t ransformat ion  the re -  
by e l imina t ing  the  need of assuming t h a t  t h e  t u r b u l e n t  shear  
s t r e s s  remain i n v a r i a n t  under t h e  t ransformation,  Use of t h e  
moment o f  momentum equat ion and an approximation t o  t h e  i n t e g r a l  
o f  shear  a r e  coupled t o  t h e  momentum equat ion i n  t h e  u sua l  
way, Assuming a  Crocco i n t e g r a l  and a  power-law v e l o c i t y  
p r o f i l e ,  two equat ions  r e s u l t  with incompressible form f a c t o r  
and a  momentum-thickness-Reynolds- number parameter a s  t h e  
two dependent va r i ab l e s .  A major c r i t i c i s m  t o  t h i s  approach 
and s i m i l a r  ones i s  t h e  lack  o f  a  more r e a l i s t i c  ve loc i ty -  
p r o f i l e  r ep re sen ta t ion  and t h e  p o s s i b l e  r e s t r i c t i o n s  imposed 
by t h e  assumed shear  d i s t r i b u t i o n .  I n  t h i s  con tex t  it i s  noted 
h e r e  t h a t  good agreement between theory and experiment f o r  
g r o s s  boundary-layer p r o p e r t i e s  is no t  s u f f i c i e n t  j u s t i f i c a t i o n  
f o r  s t a t i n g  t h e  s u i t a b i l i t y  of a  p a r t i c u l a r  method.. I n  
add i t i on ,  it is deemed necessary t h a t  t h e  method reproduce 
very accu ra t e ly  p r o f i l e  development, o r ,  a t  l e a s t ,  t h e  r a t i o n a l e  
used can b e  subsequently extended t o  encompass a  broader  
problem-solving range. 
For comparisons with  a  f i n i t e - d i f f e r e n c e  formulat ion,  t h e  
p r e s e n t  approach w i l l  be compared t o  t h a t  of Ref. 39. This 
procedure evolved by Fish and McDonald, does conta in  an 
extended turbulence model, The r e s u l t s  from us ing  t h i s  method 
have been taken from Ref. 36 which a l s o  r e p o r t s  t h a t  t h e  Herr ing,  
Ref. 40, eddy-viscosity r e l a t i o n s h i p  has  been coupled t o  t h i s  
a p p r ~ a c h ,  I t  had been noted,  t h e r e f o r e ,  any d i f f e r e n c e s  t h a t  
might a r i s e  between the  p r e d i c t i o n s  of the  Herring procedure 
and t h a t  whreh has been r epo r t ed  cdn o n l y  be ai ' iribuLdbEe 
te the d i f f e r e n c e  in nvmerical t e c h n i q u e ,  
Also,  t h e  eddy-viscosi ty  and mixing-length d i s t r i b u t i o n s  
which can b e  deduced from the  p re sen t  formulat ion w i l l  be 
compared t o  those  obtained from the  genera l ized  ve loc i ty -  
p rof i le -concept  of Maise and McDonald, Ref. 41. 
B. The Experimental Data 
Perhaps one of  t he  b e s t  sets of experimental  informat ion 
t o  d a t e  on compressible-turbulent-boundary l a y e r s  has  been 
r epo r t ed  by Winter, Smith, and Rot ta  (Ref. 42 ) .  I n  t h i s  s tudy  
both boundary-layer v e l o c i t y  p r o f i l e s  and s k i n  f r i c t i o n  have 
been measured, $he very  l a r g e  s c a l e  of t h e  model used (5  f e e t )  
and t h e  h igh  u n i t  Reynolds of 2 (10) 6 / f t .  i s  of p a r t i c u l a r  
consequence. Although t e s t s  w e r e  conducted a t  s i x  f r ee -  
s t ream Mach numbers, comparisons wi th  on ly  one a r e  discussed 
h e r e .  
I n  Ref. 43, McLafferty and Barber have repor ted  a s e r i e s  
of measurements, made i n  a r e l a t i v e l y  smal l  wind tunne l ,  a long 
a s e r i e s  of h igh ly  curved two-dimensional ramps* Rather severe  
adverse  p re s su re  g rad ien t s  were imposed which ind ica t ed  l a r g e  
normal. s t a t i c - p r e s s u r e  g rad ien t s .  Although these  i n v e s t i g a t o r s  
have n o t  measured sk in  f r i c t i o n  d i r e c t l y ,  s k i n - f r i c t i o n  
c o e f f i c i e n t s  have been deduced h e r e i n  from t h e  s i x  repor ted  
v e l o c i t y  p r o f i l e s  according t o  t h e  prev ious ly  discussed "Clauser 
P l o t "  method, 
The f l a t - p l a t e  experiments of Matting,  Ref. 44, and those  
of Bertram and Neal, Ref. 45, a r e  a l s o  considered mainly t o  
show t h e  remarkably improved agreement t h a t  accrues  a s  a r e s u l t  
of incorpora t ing  t h e  wake c o r r e l a t i o n  of  Reference 15,  l n t o  t h e  
a n a l y s i s .  
F i n a l l y ,  some numerical  experiments a r e  performed whereby 
t h e  p re s su re  g r a d i e n t  i s  maintained cons tan t  b u t  non-zero, 
Thus e f f e c t s  of p re s su re  g r a d i e n t  and h e a t  t r a n s f e r  on, fo r  
example, eddy-v iscos i ty -d is t r ibu t ion  and mixing length a r e  
repor ted  and wherever p o s s i b l e  compared wi th  o t h e r  e x i s t i n g  
t h e o r i e s ,  
C ,  Zero Pressure  Gradient Flows 
Under t h i s  heading of "Zero Pressure  Gradient Flows" 
two concepts need some c l a r i f i c a t i o n  be fo re  comparisons wi th  
experiments can be  made. The f i r s t  dea l s  wi th  implementation of 
the  c o r r e l a t i o n  of Reference 13 which was discussed i n  Sect ion I ,  
while  t h e  l a t t e r  concerns i t s e l f  with t h e  choice of i n i t i a l  
values when the  s o l u t i o n  commences from t h e  leading edge. 
1. c o r r e l a t i o n  o f  t h e  Wake Parameter 
AS discussed i n  Sect ion I ,  a n a l y s i s  of experimental  
r e s u l t s  obtained f o r  high speed flows with  uniform e x t e r n a l  
p ressure  ind ica ted  a sys temat ic  d i s t o r t i o n  of  t h e  wake p o r t i o n  o f  
t h e  v e l o c i t y  p r o f i l e  a s  r e f l e c t e d  by reduced values  of t h e  Coles '  
wake parameter, n. In  Ref. 13 an empir ica l  c o r r e l a t i o n  was 
developed which modifies t h i s  parameter i n  such a way t h a t  t he  
r e s u l t i n g  pred ic t ions  give b e t t e r  agreement with  experiment, This 
c o r r e l a t i o n  takes  t h e  form* 
("I c o r r  = ( n ) o  + 0.425 InP 
where (12) corr denotes t h e  co r r e l a t ed  va lue  of t h e  wake parameter,  
( R - ) ~  corresponds t o  t h e  nominal value which would apply i n  t h e  
absence of  compress ib i l i ty  and/or h e a t  t r a n s f e r  e f f e c t s  and P i s  
def ined by 
* Further reexamination of t h e  a v a i l a b l e  experimental  da ta  h a s  
led  t o  t h e  conclusion t h a t  a more appropr ia te  c o r r e l a t i o n  i s  ob- 
ta ined  i f  the  m u l t i p l i c a t i v e  f a c t o r  ,425 i s  replaced by .53, The 
l a t t e r  va lue  has  been incorporated i n  t h e  computer program dev- 
eloped under t h i s  c o n t r a c t  fo r  use with  t h e  "PI  CORRELATION" 
opt ion  ( c - f . ,  P a r t  111, p. 1 6 ) .  I t  i s  a l s o  noted he re  t h a t  E q ,  (72) 
exf i ibi ts  s ingu la r  behavior a t  va lues  of  7 = 2/3, -1. Accordingly, 
E q .  (70) i s  considered t o  apply only f o r  values  of P such t h a t  
v -0 .25.  For P l e s s  than t h i s  l i m i t  t h e  corresponding value 
fo r  ( " I c o r r  i s  taken t o  be ( n ) c o r r  r -.25. 
The quan t i t y  j3 r ep re sen t s  the m i n i m u m  density r a t i o  within the  
 mi^. boundary Payer and, i f  a Crocso integral i s  u t i l i z e d ,  it can be 
expressed a s  
- m 
Thus, f o r  g, 1 and Me -+ 0, P -+ 1 i n  which case t h e  wake para- 
meter t akes  on t h e  nominal va lue ,  ( n )  o,  which corresponds t o  t h e  
CP value  a s soc i a t ed  wi th  t h e  zero  p re s su re  g rad len t  case.  
I n  o rde r  t o  apply t h i s  c o r r e l a t i o n  i n  a c o n s i s t e n t  
manner, it is  necessary t o  examine t h e  p r o p e r t i e s  of t h e  CP 
formulat ion when appl ied  t o  t h e  zero  p re s su re  g r a d i e n t  case.  I n  
p a r t i c u l a r ,  f o r  any given va lue  of v=(v),,,, t h e  remaining para- 
meters appear ing i n  t h i s  formulation ( i . e . ,  /3, F, and :*) must b e  
s e l e c t e d  i n  a manner which a s su re s  t h a t  dn/dF = 0 when dUe/d~=O. 
Since t h i s  condi t ion  must hold f o r  a l l  z i t  i s  appropr i a t e  t o  
impose it a t  t h e  " lead ing  edgeu where t h e  corresponding va lue  o f  
';B w i l l  b e  denoted by  gLE. The des i r ed  r e l a t i o n  i s  obta ined  by  
- 
s e t t i n g  n '  = U;= 0 i n  Equations ( 3 4 ) ,  ( 4 3 ) ,  and (44 ) .  'There 
r e s u l t s  
Accordingly, wi th  = FLE and Tj* = 0.5, Equation (72) pro- 
v ides  t h e  r e l a t i o n  between p and ?'f which i s  shown i n  Figure 5.  
A l l  of  t h e  c a l c u l a t i o n s  which have been generated u t i l i z i n g  t h e  
wake c o r r e l a t i o n  and which a r e  presented i n  t h e  subsequent d i s -  
cussion have incorpora ted  t h i s  r e l a t i o n s h i p ,  Se l ec t ion  of  a 
p a r t i c u l a r  va lue  f o r  t h e  parameter pLE i s  discussed below. 
2.  I n i t i a l  Conditions f o r  t h e  Leading Edge 
There remains now s p e c i f i c a t i o n  of t h e  CP sk in  f r i c t i o n  
parameter KE. A t  an a c t u a l  l ead ing  edge, of course ,  t h e  s k i n  
f r i c t i o n  becomes a r b i t r a r i l y  l a rge .  However, by t h e  same token 
t h e  ex i s t ence  of  laminar boundary l aye r  regime followed by a 
t r a n s i t i o n  region must a l s o  b e  recognized. Evident ly ,  t he se  
f e a t u r e s  cannot b e  included i n  a r igorous way wi th in  t h e  contex t  
of t h e  p r e s e n t  formulation.  
Accordingly,  this initiricrl c s r ~ d i i t i o n  i s  imposed i n  an 
approximate manner. Fo r  t h i s  purpose we fablow Cores, Ref, 9 
and take 
It  i s  noted t h a t  ~ e w i s ,  e t . a l . ,  Ref. 34 a l s o  a s s o c i a t e  t he  va lue  
18.4 with t h e  " leading edge" of a  f u l l y  developed tu rbu len t  
boundary l aye r .  
3 .  Experimental Comparisons 
The improvement i n  t h e  p r e d i c t i o n  of s k i n - f r i c t i o n  
with momentum-thickness v a r i a t i o n  by use o f  t h e  p re sen t  
t ransformation toge ther  with t he  above c o r r e l a t i o n  i s  c l e a r l y  
ind ica ted  i n  Figure  6. In  Figure  7 ,  t h e  v e l o c i t y  p r o f i l e s  
generated from t h e  so lu t ion  a r e  compared with t h e  experiments 
whi le  i n  Figure  8 ,  comparison i s  made with  some of t h e  p r o f i l e s  
generated without  t he  use  of t h e  wake c o r r e l a t i o n .  Again, 
the  improvement is c l e a r l y  ind ica ted .  Figures  9 and 10 
compare r e s p e c t i v e l y  the  momentum-thickness-Reynolds number 
and s k i n - f r i c t i o n  c o e f f i c i e n t  with Reynolds nurriber with and 
without  t h e  use  of t h e  c o r r e l a t i o n  law. I n  add i t i on  t o  t h e  
good agreement a f forded  by the  use of t h e  c o r r e l a t i o n ,  t hese  
two f i g u r e s  a d d i t i o n a l l y  show t h a t  t h e  procedure ~ r e v i o u s l y  
discussed of p ick ing  an i n i t i a l  va lue  of (G) a s  wel l  a s  ( v )  
i s  we l l  posed. 
D. Two-Dimensional Pressure  Gradient  
For p ressure-grad ien t  flows comparison i s  o f f e red  between 
t h e  p r e s e n t  method and the four  s e l ec t ed  procec'ures of Ref. 36. 
I n  f a c t ,  Figure 11 i s  a  reproduction of Figure 11 of t h i s  
re fe rence  with the r e s u l t s  of t h e  p re sen t  theory  added. This  
f igure  compares the  r e s u l t s  of s e v e r a l  approaches with  one of 
t h e  s e t s  of the  McLafferty and Barber experiments. S l i g h t  
improvement i s  a f forded  by the  p re sen t  approach when compared 
t o  t h e  method of Ref. 39. However, the  r e s u l t s  from t h i s  
method, as  ind ica ted  in  Figure 11 of Ref. 36 ,  and he re in  
t e r m i r ~ a l e  appsoxiauuLeLy a"l-stLj.o~i dd = 0-21 f e e L  w h i l e  the 
present approach cont inues ;  hence, f u r t h e r  comparison cannot 
be made, 
An important note t o  b e  considered i n  drawing conclusions,  
when comparing t h e s e  va r ious  r e s u l t s ,  i s  t h e  f a c t  t h a t  t h e  
p r e s e n t  s o l u t i o n  s t a r t s  a t  s t a t i o n  x = 0 and uses  t h e  experi -  
mental  p r o f i l e  t h e r e  t o  genera te  t h e  i n i t i a l  s t a r t i n g  va lues  
whi le  t h e  o t h e r  four  analyses  a r e  i n i t i a t e d  f u r t h e r  upstream. 
In  a d d i t i o n  t o  t h e  momentum-thickness and f  orm-f a c t o r  compar l sons  
t o  t h e  McLaf fer ty-Barber  experiments,  made i n  Figure  11, ~ i g ~ r e  12, 
compares t h e  p r e s e n t  r e s u l t s  with t h e  i n t e g r a l  method of Ref. 37 
and t h e  t ransformat ion  method of Ref. 34. The " e ~ p e r i m e n t a l ~ ~  
va lues  of sk in  f r i c t i o n  shown have been obta ined  by t h e  use 
o f  t h e  "Clauser P l o t "  method which has  been p rev ious ly  
discussed.  C lea r ly ,  a l l .  t h r e e  methods p r e d i c t ,  r a t h e r  poor ly ,  
t h e  s k i n - f r i c t i o n  development over t he  e n t i r e  p o r t i o n  o f  t h e  
model. For t h e  f i r s t  h a l f  of t he  model however, t h e  p re sen t  
approach i s  s i g n i f i c a n t l y  an improvement over t h e  o t h e r  
t ransformat ion  method, Again, it i s  be l ieved  t h a t  c l o s e r  
correspondence between t h e  two t ransformat ion  methods can be 
achieved b y  imposing i d e n t i c a l  i n i t i a l  condi t ions .  Figure  13 
draws a t t e n t i o n  t o  t h e  a b i l i t y  of t h e  t ransformat ion  approach 
t o  Leproduce more accu ra t e ly  t h e  v e l o c i t y - p r o f i l e  development 
than o t h e r  i n t e g r a l  approaches. Notable a l s o  i s  t h e  improve- 
ment a f forded  when t h e  wake c o r r e l a t i o n  i s  coupled t o  t h e  
t ransformation.  Again, it must b e  r e i t e r a t e d  t h a t  t h i s  corre-  
l a t i o n  i s  s t r i c t l y  an empiricism. However, i t s  ind ica t ed  
improvement lends f u r t h e r  credence t o  t h e  idea  of  a  mu l t ip l e  
s t r e t c h i n g  formulat ion of say  t h e  y-coordinate where 
one t ransformat ion  law i s  v a l i d  f o r  some range whi le  beyond 
t h a t  range another s t r e t c h i n g  law becomes app l i cab le ,  
E. Axi-symmetric Flow with Pressure  Gradient  
To i n v e s t i g a t e  turbulent-boundary-layer growth under t he  
in f luence  of both favorab le  and adverse p re s su re  g rad ien t s  t h e  
experiments porformed by Winter, Smith and Rot ta  were chosen. 
These d a t a ,  al though complete and c a r e f u l l y  taken and i n  some 
in s t ances  when t h e  p re s su re  g rad ien t s  no t  t o o  severe ,  does include 
e f f e c t s  n o t  considered i n  t h e  a n a l y s i s .  For example, t h e  
change i n  l a t e r a l  cu rva tu re  which can produce s t rong  
convergence o r  divergence of t h e  s t reaml ines  i s  no t  p a r t  of t h e  
formulat ion.  N o t w i t h ~ t a n d i n g ~ t h e  candidate  experiment fo r  
t h e  t h e o r e t i c a l  cornparsson was t h a t  performed a t  ~ ~ - 2  and a 
u n i t  R e p o l d s  n u d e r  of 2 ( 1 0 ) 6 / f t ,  The governing d i f f e r e n t i a l  
e q i d a t i ~ n s  used were those obtained by f i e  i s r m a E  a p p l i c a t i o n s  of 
t h e ~ a n g l e r t r a n s f o r m a t i o n  and a r e  d i scussed  i n  ~ p p e n d i x  C, 
Figure 14 compares the  r e s u l t s  generated us ing  the  p re sen t  
approach with  t he  t h e o r e t i c a l  method of Herring and Mellor,  
Ref. 40. The c i r c l e s  i n d i c a t e  t h e  experimental  va lues  ob ta ined  
d i r e c t l y  from t h e  p r o f i l e s ,  and t h e  squares  i n d i c a t e  t h e  va lues  
ca l cu l a t ed  wi th  t h e  von Karmen momentum-integral equat ion 
beginning with t h e  i n i t i a l  experimental  va lue  of 8 and t h e  
experimental  va lues  of cf  and 6*/8. The darker  squares i n d i c a t e  
t h e  va lues  of s k i n  f r i c t i o n  which were obtained from t h e  
"Zlauser P l o t "  method. I n i t i a l  condi t ions  were obtained by  
examining the  v e l o c i t y  p r o f i l e  a t  x = 20 inches  from which a 
s u i t a b l e  va lue  of  and n w e r e  In fe r r ed .  
In gene ra l  both t h e o r i e s  agree we l l  wi th  experiment wi th  
s l i g h t  improvement ind ica ted  by t h e  method of Ref. 39 whic'h 
a t tempts  t o  account f o r  t h e  convergence and divergence of 
t h e  s t ream-l ine.  Also both methods tend t o  b racke t  t h e  exper i -  
mental c f  d i s t r i b u t i o n  with t h e  p re sen t  approach underes t imat ing  
the  experimental  r e s u l t s .  
F. Eddy-Viscosity D i s t r i b u t i o n s  
Perhaps t h e  most s i g n i f i c a n t  f e a t u r e  of t h e  approach 
employed i s  t h a t  t he  compressible,kinematic eddy v i s c o s i t y ,  
6 (x, y )  , can b e  obtained a s  p a r t  o f  the  so lu t ion .  I n  t h i s  
ins tance  t h e  a n a l y t i c  procedures were coupled t o  a Crocco- 
i n t e g r a l  energy so lu t ion  and t h e  eddy-viscosi ty  behavior  
i n  high-speed flows with and without h e a t  t r a n s f e r  and p r e s s u r e  
g rad ien t s  was s tud ied .  
1. Zero Pressure  Gradient ;  Adiaba t ic  Case 
Before d i scuss ing  the  high-speed r e s u l t s ,  Figure  15 
compares the  low-speed formulation with t h e  f  l a t - p l a t e  
experiments of Klebanoff, Ref. 4 7 ,  As ind ica ted  t h e  agreement 
i s  e x c e l l e n t .  For high-speed, zero-pressure-grad ien t ,  zero- 
h e a t - t r a n s f e r  cases ,  Figure 16 shows the  v a r i a t i o n  of eddy 
v i s c o s i t y  through the boundary l aye r  f o r  one momentum-thickness- 
~ e y n o l d s - n u d e r  and t h r e e  Mac5 numbers , 
C s m p a r i s o a l  rs made wsth the  t h e o r e t ~ c a l  approach of Maise and 
McDonald, R e f ,  41 ,  and a s  can be  seen t h e  agreement i s  r a t h e r  
favorab le ,  The  correspondlag shear  d i s  t r i bu t io r i  toge ther  
wi th  t h e  Me = 0 and 5 r e s u l t s  of t h e  above r e f e rence  a r e  shown 
i n  t he  nex t  f i g u r e .  C lea r ly ,  Figure 17 shows t h a t  t h e  d i s t r i -  
bu t ions  a r e  independent of Mach number a t  l e a s t  up t o  M =2. 
For t h e  Me=5 case ,  t h e  shear  d i s t r i b u t i o n  generated by ?he 
two methods d i f f e r s  t o  some e x t e n t  only wi th in  t h e  lower h a l f  
of t h e  boundary l aye r .  However, t he  agreement between t h e  
two methods i s  much more improved h e r e  than t h a t  shown i n  
Figures  4 and 12 of  t h e  aforementioned re fe rence .  I n  those  
f i g u r e s  a  comparison i s  made between shear  and eddy-viscosi ty  
distributionsobtainedusing t h e  Coles t ransformat ion  and t h e  
gene ra l i zed -ve loc i ty -p ro f i l e  method repor ted  t h e r e i n  and shvws 
t h e  r e s u l t s  of  bo th  methods t o  b e  considerably d i f f e r e n t .  The 
a p p l i c a t i o n  of t h e  t r a n s £  ormation method which was used t h e r e ,  
r e l i e s  on the  Coles subs t ruc tu re  hypothes i s  toge ther  wi th  a  
Spalding-Chi s k i n - f r i c t i o n  law and t h e  Crocco energy r e l a t i o n -  
sh ip  and i s  cons iderab ly  d i f f e r e n t  from tha twh ich  i s  employed 
here .  Thus t h e  c l o s e r  correspondence between the two methods 
ind ica t ed  t h e r e i n  i n  c o n t r a d i s t i n c t i o n  t o  t h a t  shown by Maise 
and McDonald d i sproves  t o  some e x t e n t  t h e i r  conclusions a s  
t o  t h e  s u i t a b i l i t y  of t h e  t ransformat ion  f o r  p r e d i c t i n g  
compressible s h e a r - s t r e s s  p r o f i l e s .  I n  f a c t ,  t h e  conclusion 
t h a t ,  a t  l e a s t  up t o  Mach number of 5 ,  t h e  incompressible 
d i s t r i b u t i o n  of mixing length  can be used i n  a  compressible 
Eormulation i s  i n  disagreement wi th  t he  f ind ings  of the  
p re sen t  r e s u l t s  a s  a t t e s t e d  t o  by examining Figure 18,  I t  
i s  t h e  conten t ion  h e r e  t h a t  t h e  agreement between t h e  two methods 
only up t o  a  Mach number of 2 i n d i c a t e s  t h a t  t h e  general ized-  
v e l o c i t y - p r o f i l e s  used t h e r e i n  a r e  only app l i cab le  up t o  t h a t  
Mach number, beyond which t h e  gene ra l i za t ion  used becomes too  
r e s t r i c t i v e .  
By examining Figure  19 it is noted t h a t  t he  dependency of 
eddy v i s c o s i t y  normalized with r e spec t  t o  displacement th ickness  
becomes l e s s  dependent on momentum-thickness-Reynolds-number 
a s  t h e  Mach number decreases  and t h a t  up t o  a  Mach number of  5 
i t s  dependency with Reynolds number beyond a value of ( 1 0 )  i s  
severe ly  reduced. 
2, Zero P r e s s u r e  G r a d i e n t ,  Nen-Adiabatic Cases 
The next  f i v e  f i g u r e s  tend t o  exemplify t h e  e f f e c t s  sf 
h e a t  t r a n s f e r  on shear,  eddy-viscosi ty  , and mixing-length 
d i s t r i b u t i o n s .  F i r s t ,  Figure  20 i n d i c a t e s  t h a t  f o r  a  given 
Mach n u ~ e r  and Reynolds number, t h e  e f f e c t  of  h e a t  t r a n s f e r  
on shea r - s t r e s s  d i s t r i b u t i o n  i s  r a t h e r  small  showing a t  most 
a  2% v a r i a t i o n  between t h e  a d i a b a t i c  case  and t h a t  f o r  which 
t h e  wa l l  temperature is h a l f  t he  e x t e r n a l  t o t a l  temperature ,  
However, comparing Figure 2 1  wi th  Figure 16 i n d i c a t e s  t h a t  
al though t h e  v a r i a t i o n s  of  t h e  parameter,  t'/ue6*, wi th  r) a r e  
s i m i l a r ,  t h e  e f f e c t  of h e a t  t r a n s f e r  is  shown t o  s u b s t a n t i a l l y  
i nc rease  t h e  va lue  of t h i s  parameter throughout most of t h e  
boundary l aye r .  In  add i t i on ,  t he  e f f e c t  of h e a t  t r a n s f e r ,  on , i ts 
maximum va lue ,  i s  seen i n  Figure  2 2  t o  diminish with Mach 
nuniber f o r  a  giver1 RQ . I t  i s  r e c a l l e d  h e r e  t h a t  t h e s e  
a r e  deduced from r e s u l t s  generated by using a  Crocco-integral  
formulat ion and n o t  the  most gene ra l  approach which has  been 
der ived.  Thus, evidence of a  decreas ing  dependence of Mach 
number and h e a t  t r a n s f e r  r a t e  on the  eddy-viscosity d i s t r i -  
bu t ion  a s  t h e  Mach number i nc reases  should b e  s u b s t a n t i a t e d  
by  t h e  more genera l  approach der ived  s i n c e  i t  can inc lude  
" r e a l  gas" e f f e c t s  and appropr ia te  models of laminar and 
t u r b u l e n t  h e a t  t r a n s p o r t  c o e f f i c i e n t s .  H e u r i s t i c a l l y  speaking 
however, i t  i s  f e l t  t h a t  a  reduced h e a t - t r a n s f e r - r a t e  dependence 
on eddy-viscosi ty  can b e  shown t o  e x i s t  i f ,  as  Maise and 
McDonald, a t  t he  suggest ion of Herring and Mellor ,  have shown 
f o r  t h e  a d i a b a t i c  case ,  t h a t  a  reduct ion of Mach number 
dependence on occurs when the  eddy v i s c o s i t y  is normalized 
with  r e s p e c t  t o  a  th ickness  based upon v e l o c i t y  d e f e c t  r a t h e r  
than mass de fec t .  
With regard t o  mixing length ,  Figures 18 and 23 tend 
t o  show t h a t  no uniformly v a l i d  c o r r e l a t i v e  p r o p e r t i e s  which 
w i l l  tend t o  reduce t h e  Mach number dependency f o r  flows beyond 
a  Mach nurnber of 2, a r e  l i k e l y  t o  e x i s t .  However, Figure  24 
which shows the  e f f e c t  of h e a t - t r a n s f e r  r a t e  on mixing-length 
d i s t r i b u t i o n  f o r  a  given Me and RQ does i n t ima te  t o  some e x t e n t  
a  s i m i l a r i t y  i n  p r o f i l e  development with hea t - t r ans fe r  r a t e .  
Further  s tudy  i s  requi red ,  however, be fo re  t hese  conclu.sions 
can b e  s u b s t a n t i a t e d ,  
In  a d d i t i  on t o  t he  numerical experiments per  formed 
wi th  zero  p r e s s u r e  g rad ien t ,  s e v e r a l  " s o l u t i o n s "  have been 
generated which have taken i n t o  account p re s su re  g rad ien t  a s  
we l l  a s  h e a t  t r a n s f e r .  I n  t h i s  connection t h e  p re s su re  g r a d i e n t  
has  been imposed by cons ider ing  flows wherein the  parameter 
i s  considered cons tan t .  Considering a p e r f e c t  gas  wi th  cons t an t  
s p e c i f i c  h e a t s  and t h e  f a c t  t h a t  t h e  u n i t  Reynolds number can 
b e  made a func t ion  of Mach number, t o t a l  temperature and t o t a l  
p re s su re ,  then it can be  e a s i l y  shown t h a t  s i m i l a r  s o l u t i o n s  
r e s u l t  i f  t h e  parameter 
is kep t  cons t an t ,  
F igure  2 5  summarizes t h e  r e s u l t s  w i t h  regard t o  t he  
v a r i a t i o n  of (F/ue6*)ma, wi th  i n i t i a l  Mach number Me,O which 
have been obta ined  by imposing cons t an t  va lues  of t h e  p re s su re  
g rad ien t  parameter under both a d i a b a t i c  and non-adiabat ic  
wa l l  cond i t i ons ,  prel iminary examination o f  t h i s  f i g u r e  
i n d i c a t e s  t h a t  f o r  i n i t i a l  Mach numbers l e s s  than approximately 
2 ,  t h e  eddy-viscosi ty  behavior  is somewhat i n s e n s i t i v e  t o  
moderate p re s su re  v a r i a t i o n s .  However, t h i s  degree of  in -  
s e n s i t i v i t y  i s  reduced considerably with h e a t  t r a n s f e r .  
Accordingly, t h e  p o s s i b i l i t y  of developing conclusions t o  
desc r ibe  the  d e t a i l s  o f  turbulent-boundary-layer flow develop- 
ment when a p re s su re  g rad ien t  p r e v a i l s  from laws generated 
from f l a t - p l a t e  r e s u l t s  appears t o  e x i s t  only fo r  low t o  
moderate Mach numbers. Ind ica t ions  a r e  t h a t  t he  maximum value 
of ( L / 6 ) ,  f o r  a given Mach number, decreases  with i nc reas ing  
pressure  g rad ien t  and che r e s u l t  t h a t  t h i s  v a r i a t i o n  increases  
with the  i nc reas ing  Mach number i s  shown i n  t h e  nex t  f i w r e ,  
i . e , ,  Figure 2 6 ,  Figure  2 7  compares t he  v a r i a t i o n  of the  shear-  
s t r e s s  i n t e g r a l  wi th  p re s su re  g r a d i e n t  and compares i t  t o  the 
empir ica l  law of Ref, 37  i n  which t h e  shear  i n t e g r a l ,  plotted 
^;.n the ma1lnc.r ~: loiq~l  iIl, is considered irivarkan"ciy.Lkh pressure 
gradien t  and Mach n u d e r ,  Figures 2 8 ,  2 9 ,  30 and 31 t e n d  to 
rwani;ize 3 Lrie  7 -  - e f feet of i n i t i a l  Mach nu&er and momenk-~i_!~~-ehi ck 
Keyno l d s  - n u d e r  .on shear ,  eddy- v i seos  i t y  and mixing- length  
.-listributions , Consequently, t h e  r e s u l t s  ind ica ted  a r e  
depicted 5or only one va lue  of ( l /pd(dp/dx) with  t h e  addi t i -ona i  
e f f e c t  of h e a t  t r a n s f e r  on such behavior be ing  f u r t h e r  por t rayed  
'hy Figures  32 and 33. Thus by examining Figures 2 8 ,  2 9  and 
: O  i t  appears t h a t  f o r  a  given va lue  of t h e  p re s su re  g r a d i e n t  
r>arameter and Rg no ordered v a r i a t i o n  o f  ( T / / ' T ) ,  (c/ueS*) o r  
( L / 6 )  with  M,, 0 e x i s t s .  However, Figure 31 shows t h a t  t h e  
oddy-viscosi ty  d i s t r i b u t i o n s  a r e  more s e n s i t i v e  t o  changes i n  
Rg than t h e  mixing lengths  a r e .  A s  f a r  a s  h e a t  t r a n s f e r  i s  
concerned, i nc reas ing  the  hea t - t r ans f  e r - r a t e  reduces t h e  shear -  
s t r e s s  d i s t r i b u t i o n  while  concomitantly i nc reas ing  t h e  mixing- 
length d i s t r i b u t i o n  a s  Figures  3 2  and 33 d e p i c t ,  
G ,  Extensions t o  S t a t i s t i c a l  Turbulent S tudies  
The p o s s i b i l i t y  of r e l a t i n g  s t a t i s t i c a l  t u r b u l e n t  concepts  
20 t ransformation p r o p e r t i e s  has  a l s o  been examined b r i e f l y .  
TL i s  concluded t h a t  no d i r e c t  r e l a t i o n  can b e  obtained by  
?he use  of t he  t ransformation,  The reason i s  inhe ren t  i n  t h e  
form of the  t ransformation s i n c e  it has  only been appl ied  t o  
temporal-mean q u a n t i t i e s  thereby producing no correspondence 
between these  f l u c t u a t i n g  terms i n  both p lanes .  However, some 
i n d i r e c t  information which can poss ib ly  provide a  deeper 
i n s i g h t  i n t o  t he  t u rbu len t  mechanism can be  obtained by s tudying  
t h e  r ami f i ca t ions  of the  t ransformation with regard t o  t h e  
concepts of in te rmi t tancy .  ~t is noted t h a t  t h e  low-speed 
formulation descr ibed he re in  has  t he  c a p a b i l i t y  o f  genera t ing  
t h e  parameter s ince  t h e  in te rmi t tancy ,  y ,  i s  def ined a s  
t h e  r a t i o  of 7 with (7)m . TO deduce the corresponding be- 
havior  f o r  the  high-spec$ case,  it i s  assumed t h a t  t h e  i n t e r -  
mit tancy i s  r e l a t e d  t o  the eddy-viscosity by the  r e l a t i o n  
?.he r e s u l t s  of which a r e  shown i n  Figure 34.  
I n so fa r  a s  t u rbu len t  k i n e t i c  energy is  concerned, s e v e r a l  
<nves t iqa to r s  ( c , f . ,  Ref. 48, 49 )  have t r e a t e d  the  low-speed 
pyohlern by so lv ing  a system of equations which inc ludes  t h e  
conservat ion of tu rbulen t  k i n e t i c  energy. The proponents 
of t h r s  approach genera l ly  b e l i e v e  " t h a t  thc  connect] on between 
t h e  t u r b u l e n t  shear  s t r e s s  and o the r  p r o p e r t i e s  of t he  tu rbulence  
i s  very  much c l o s e r  khan t h e  connection between the  t u r b u l e n t  
shear  s t r e s s  and v e l o c i t y  f i e l d " .  I n  f a c t ,  it i s  a s s e r t e d  i n  
Ref. 49,  t h a t  improved r e s u l t s  a r e  obtained by assuming t h a t  
t he  t u r b u l e n t  k i n e t i c  energy i s  d i r e c t l y  p ropor t iona l  t o  t he  
l o c a l  shea r  s t r e s s ,  
I f  such an approach does indeed provide improved pre- 
d i c t i o n  c a p a b i l i t y  f o r  low-speed flows, i t .  would ev iden t ly  b e  
u s e f u l  t o  have a v a i l a b l e  a  t ransformat ion  which can b e  appl ied 
t o  t h i s  a d d i t i o n a l  a u x i l i a r y  equation.  
A t  t h i s  t ime a l l  of t h e  r ami f i ca t ions  of t h e  concept de- 
s c r ibed  above have n o t  been examined i n  d e t a i l .  Nevertheless ,  
it can be s a i d  t h a t  t h i s  approach is  l i k e l y  t o  prove u s e f u l  
and f u r t h e r  e x p l o i t a t i o n  i s  recommended. 
The r e s u l t s  c i t e d  demonstrate t h a t  by s u i t a b l e  implementation 
~f  t h e  compres s ib i l i t y  t ransformat ion  and by proper  i n t e r p r e t a t i o n  
a f  t h e i r  impl ica t ions  a  wide v a r i e t y  of var iable-proper ty-  
t .urbulent-boundary-layer problems can b e  analyzed with  a  minimum 
<:jf empiricism. The r e s u l t s  have shown t h a t  a  s u i t a b l e  cons tan t -  
y~roper ty-so lu t ion  has  been coupled t o  t he  o v e r a l l  formulat ions  ; 
:lowever, the  conceptual ideas  of the  t ransformat i sn  and t h e  
~ m p l i c a t i o n s  p e r t a i n i n g  t h e r e t o ,  do no t  p rec lude  t h e  p o s s i b i l i t y  
<.if a  "marraige" o f  t he  t ransformation wi th  any o t h e r  " s u i t a b l e "  
CP formulat ion.  Furthermore, t h e r e  has  been removed t h e  u s u a l  
n e c e s s i t y  of p r e s c r i b i n g  i n  some manner t h e  compressible-eddy- 
v i s c o s i t y  d i s t r i b u t i o n ,  s i n c e  t h e  ana lys i s  r ep l aces  t h i s  
r e s t r i c t i v e  requirement wi th  a  much s impler  t a s k  o f  assuming the  
form of the  well-known incompressible v e l o c i t y  f i e l d .  I n  
add i t i on ,  no r e s t r i c t i o n s  have been posed on t h e  energy f i e l d .  
Noteworthy h e r e  is t h e  f a c t  t h a t  i f  a  s u i t a b l e  cons t an t  
p roper ty  so lu t ion  involv ing  mass t r a n s f e r  and p re s su re  g r a d i e n t  
e x i s t e d  then the  above approach can a l s o  b e  coupled t o  spec ies -  
conservat ion equat ion and a s  such t h e  s tudy o f  t u r b u l e n t  com- 
p r e s s i b l e  flow with mass and h e a t  t r a n s f e r  a s  w e l l  a s  p r e s s u r e  
g rad ien t  could be formally e f f e c t e d  without  t h e  requirement 
of knowing how t h e  Lewis number o r  t u rbu len t  Schmidt nuniber 
have t o  be  t r a n s  formed, 
I t  i s  ev iden t  from t h e  comparisons between expe.riments 
and o t h e r  t h e o r i e s  t h a t  t h e  p r e s e n t  approach must b e  included 
i n  t he  l i s t  of s u i t a b l e  methods f o r  p r e d i c t i n g  compressible- 
turbulent-boundary l aye r  development. Its de-emphasis on 
c e r t a i n  empiricisms used i n  o t h e r  methods, e .g . ,  compressible 
eddy-viscosity laws, mixing length hypothes i s ,  s h e a r - i n t e g r a l  
d i s t r i b u t i o n s  and genera l ized-ve loc i ty  p r o f i l e s  i s  considered 
t o  make t h i s  type of an approach more s u i t a b l e  f o r  s tudying  
other ccmpbex f l o w  s t r u c t u r e s .  
Unfortunately ,  however, f u r t h e r  j u s t i f i c a t i o n  of t h e  above 
conclusions cannot b e  made because of t h e  dea r th  of s u i t a b l e  
experiments which a r e  wholly devoted t o  t h e  s tudy of t h e  
compressible- turbulent  mechanism. 
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APPEJ!TDIX A 
THE P R O F I L E  P M P I E T E R S  I AND ELEMENTS O F  MATRIX A 
1,2,3 i j 
Velocity Prof i l e  
In tegral  I (-) = S Gd i j  177 
0 
I n  add i t i on  t o  t h e  above i n t e g r a l s  we a l s o  r e q u i r e  t h e i r  
de r iva , t i ve s  w i th  r e s p e c t  tu (2). Accordingly,-  
Where t h e  connotat ion of 1 ( 1 )  I~(11,fi~) ... e t c . ,  
i s  s i m i l a r  t o  t h a t  used f o r  I ( I I , ~ ~ ) ,  I2 (II,TS), . . . r e s p e c t i v e l y .  1 
+ 2 (A@) (q5,  s+2ncr I 6 ,  s 
where 
and q .  with j = 2 ,3 ,4 ,5 ,6  implies  t h a t  t h e  above. expressions 
1,s 
a r e  evaluated a t  r)  . Although it i s  n o t  formally requi red  S 
he re ,  an a d d i t i o n a l  parameter is needed i n  t h e  a n a l y s i s ,  namely, 
- 
17 
I n t e g r a l  I (l/i - l ) d q  3 
0 
'=d 
If a  Crscco i n t e g r a l  i s  used then p = p (G) and I 
becomes 3 
 on-zero elements of matric A . .  
* 7 
A  2  
3 , 1  = il* (A/$) [ -4 (A/+) ( 9 2 + 2 R q , + 2 ~  q 4 )  +[(;I r)* - - - 2 ) - ~ ( q ~ + 2 1 1 ~ ~ )  j 
A 
3 , 2  = I2 (q*) - (u) Il (G* )  fi* 
A3; 3  = (* ( A A )  14 ( ~ / a  (q3+2Vq4) -2q 6 (C- r)* -2 )  ] 
rr. 
A 
3P4 = 2 * - f i *  I l ( r i* )  - i'j* 
A  
4 , 4  
= 1 

n + l  
DERIVATION OF THE EQUATION g? n + l  - 2 ., + B,s., i h. - F2 
The f  i n i t e - d i  f  fe rence  equat ion a s soc i a t ed  with t h e  f i r  s t  
$-mesh p o i n t  above t h e  wa l l ,  i . e . ,  a t  = iJ = $ , must 
- 
have c o e f f i c i e n t s  T B2,  and F2: proper ly  i n t e r p r e t e d  t o  r e f l e c t  2 ' 
t h e  s i n g u l a r  behavior  of  (aq/a$)  and ( a G / a @ )  a t  t he  wal l .  
However, because o f  t h e  "physics" ,  g  must .be. a  r egu la r  
func t ion  o f  ti and hence can be  expanded i n  a  power s e r i e s .  
I n  t h e  neighborhood of t h e  wa l l  .-and wi th in  t h e  laminar sub- 
l aye r  it can be  shown t h a t  
- 
Accordingly, a  power s e r i e s  of g  with  u  n e c e s s a r i l y  r e q u i r e s  
a  power s e r i e s  G £  g wikh 5 t o  b e  of t h e  form 
where only t h e  f i r s t  four  terms a r e  r equ i r ed  t o  b e  c o n s i s t e n t  
with  t h e  o rde r  of  t h e  t runca t ion  e r r o r .  Thus, i n  t h e  
v i c i n i t y  of  t h e  wa l l  g  behaves l i k e  
where 
- 
Go - gw 
cons ider ing  t h a t  t h e  f i r s t  t h r ee  mesh p o i n t s  above 
t h e  w a l l ,  i. e. , where 
to be within the laminar s u b l a y e r  and applying E q .  ( B 3 )  to t h e  
points m = 2 , 3 , 4 ,  y i e l d s  a system of t h r e e  a l g e b r a i c  ewations 
for the three unknown coefficients, G; ,  G,, Gj, Solving for 
li. 
G y i e l d s  formally 
1 , 2 , 3  
where 
w i t h  
and 
2 
G3 1 = Gll/(a C )  
2 
G = G13/(a bc) 3 2 
D i f f e r e n t i a t i n g  Eq. ( B 3 )  and eva lua t ing  a t  t h e  f i r s t  mesh-point  
3h-7~3 the w a l l  y i e l d s  after substituti~g E q ,  ( E 5 )  -- =d v 
where 
~ i k e w i s e  f o r  t h e  second d e r i v a t i v e ,  it can b e  shown 
where 
Now s u b s t i t u t i n g  (B6) and (B7) i n t o  t h e  energy equat ion 
with  (ag/dx) replaced by i t s  f i n i t e  d i f f e r e n c e  form and 
c o l l e c t i n g  terms y i e l d s  t h e  expression 
where 
f o r  j = 0 and 1. While f o r  t h e  ,index 2 and 3 a  s l i g h t l y  
d i f f e r e n t  expression i s  requi red  
' ~ h s t i t u t i n g  E q .  (B8) i n t o  t he  f i n i t e - d i f f e r e n c e  form of t h e  
23-rgy equation f o r  t h e  $ = 5 mesh point,  thereby e l imina t ing  3 !qjL% y i e l d s  t he  des i r ed  equat lon f o r  t h e  Y-J = @2 mesh p o i n t ,  ice,, 
I t  i s  noted f u r t h e r ,  t h a t  a d d i t i o n a l  modif icat ion i s  
1-eq71ired for  E q .  ( B 9 )  and hence Eq. (B10) f o r  t h e  a d i a b a t i c  
wall case s ince ,  a s  w i l l  be  shown below, - G1 I= 0 i n  t h i s  ca se ,  
Adiabat ic  wal l  implies  t h a t  
,3nd s ince  
*hen a d i a b a t i c  wa l l  r equ i r e s  G 1  8. Now t o  a r r i v e  a t  an 
e ~ a t i o n  of  a form s i m i l a r  t o  Eg.  ( B 9 )  t he  procedure is t h c  
same except t h a t  G l  r 0 ,  In  t h i s  case  t he  same formation a s  
above can b e  appl ied ;  however, it can e a s i l y  be  shown t h a t  tTl& 
fol lowing modi f ica t ions  a r e  requi red .  
Thus f o r  a d i a b a t i c  flow s e t  
and re-def i n e  
Also,  f o r  a d i a b a t i c  flow g, cannot b e  prescr ibed  b u t  must be  an 
outcome of t h e  so iu t ion .  Considering G1 = 0 ,  and now Go a s  the 
unki~oszrn wa l l  enthalpy va lue ,  then i n  a manner s i m i l a r  t o  that.  
i n  ob ta in ing  E q .  ( B 5 ) ,  it can b e  shown that 
2 
with G ' s  def ined a s  those  shown below, Eq, (£35)- 11 
To complete the  formulation for  t h e  wall region also r e q u i r e s  
lxpressinns fo r  i A c 5  and (a@,/ag) at the first mesh p o i n t  above 
\ -  -1 
the wal l .  Repeating the  same arguments a s  above, t h e  shear  
d i s t r i b u t i o n  T / f W  can be considered r egu la r  and hence expanded 
h t o  a power s e r i e s  of u. Now near  t h e  wa l l  ii - $% hence 
.*,ikewise s i n c e  
Truncat ing t h e  power s e r i e s  a f t e r  t h e  second termand assuming 
t h a t  the  expression i s  v a l i d  a t  t h e  two mesh p o i n t s  above t h e  
wa l l  y i e l d s  two a lgeb ra i c  equat ions  f o r  each of  t h e  P ' s  and i j 
I s .  Thus 
where m = 1 , 2 ,  and 
These four  expressions a r e  a l l  t h a t  a r e  requi red  t o  eva lua t e  
the d e r i v a t i v e s  of b o r  G2 a t  q2 s ince  1 
with m = 1 , 2 .  
REDUCTION OF THE AXISYMMETRIC EQUATIONS 
TO THE TWO-DIMENSIONAL FORM 
The equat ions  of mass, momentum, and energy f o r  a  
t u r b u l e n t  boundary l aye r  over a  body of r evo lu t ion  wi th  
t h e  boundary l aye r  th ickness  considered t.o be  much smal le r  
than  both t h e  l a t e r a l  and long i tud ina l  r a d i i  of  cu rva tu re  
a r e  i n s t e a d  of Eq. (1), (2)  and ( 3 ) ,  t h e  following: 
(C3 
where t h e  s u b s c r i p t  " a M  i n f e r s  t h a t  t he  coord ina tes  x and y 
a r e  r e s p e c t i v e l y  along and normal t o  t h e  su r f ace  of t h e  axi-  
symmetric body, r i s  t h e  r ad ius  of  t h e  body of r evo lu t ion  and 
W i s  considered a s  a  func t ion  of xa only.  
The procedure taken h e r e  i s  t o  formal ly  apply ~ a n ~ l e r ' s  
t ransformat ion  t o  t h e  above t h r e e  equa t ions ,  thereby reducing 
them t o  t h e i r  corresponding two-dimensional forms. Thus, 
by  cons ider ing  a  coordinate  t ransformation of t he  form 
where L i s  some r e fe rence  length  which i s  t o  b e  determined. There 
t h e  above t h r e e  equat ions  can b e  formally transformed i n t o  
their two-dimensional counterparts, The implication of the 
*---- aii;> f uLliiCrtioTi.ti zlsz. require the shear, mOnerit.Glii &I- ' -l --J i i i l ~ ~ i i f 3 a a  iiu 
displacement th ickness ,  f o r  example, t o  t ransform as 
To complete the  problem and t o  proper ly  e f f e c t  t h e  transforma- 
t i o n  back i n t o  t h e  phys ica l  axisymmetric p lane  r equ i r e s  
s p e c i f i c a t i o n  of t he  re fe rence  length ,  L ,  To determine L 
consider t h a t  a t  some p o i n t  on the  body, i . e . ,  (Xa)o  a l l  
p r o f i l e  information a s  wel l  as  a l l  e x t e r n a l  q u a n t i t i e s  a r e  g iven4  
And a t  t h e  corresponding s t r e t c h e d  p o i n t  i n  t h e  two-dimensional 
plane,  i . e . ,  ) t he  sk in  f r i c '  ion,  t h e  e x t e r n a l  v e l o c i t y ,  (X2-D 0 
temperature,  Mach n u d e r ,  and u n i t  Reynolds number a r e  t he  
same a s  those which occur a t  p o i n t  (x ) then it can be e a s i l y  
a  o  
showr, t h a t  fo r  t h i s  correspondence t o  e x i s t  
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